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Abstract—The freshness of sensor data is critical for all types
of cyber-physical systems. An established measure for quantifying
data freshness is the Age-of-Information (Aol), which has been
the subject of extensive research. Recently, there has been
increased interest in multi-sensor systems: redundant sensors
producing samples of the same physical process, sensors such
as cameras producing overlapping views, or distributed sensors
producing correlated samples. When the information from a
particular sensor is outdated, fresh samples from other correlated
sensors can be helpful. To quantify the utility of distant but
correlated samples, we put forth a two-dimensional (2D) model
of Aol that takes into account the sensor distance in an age-
equivalent representation. Since we define 2D-Aol as equivalent
to Aol, it can be readily linked to existing Aol research, especially
on parallel systems. We consider physical phenomena modeled
as spatio-temporal processes and derive the 2D-Aol for different
Gaussian covariance kernels. For a basic exponential product
kernel, we find that spatial distance causes an additive offset of
the Aol, while for other kernels the effects of spatial distance
are more complex and vary with time. Using our methodology,
we evaluate the 2D-Aol of different spatial topologies and sensor
densities.

Index Terms—Age-of-information, information freshness,
spatio-temporal processes, correlated sources, Gaussian process
regression

I. INTRODUCTION

The Internet of Things (IoT) aims to achieve seamless
integration between the physical and digital worlds. Physical
devices, equipped with sensors and network connectivity,
exchange information that is collected and processed in cy-
berspace. This information is used to gather data about phys-
ical phenomena, make decisions, augment reality, or control
devices in the physical world through actuators. Examples of
such cyber-physical systems include environmental monitor-
ing, intelligent transportation, augmented reality, robotics, and
networked feedback control. Common to these is the need to
maintain fresh information about a physical phenomenon. An
accepted measure for quantifying information freshness is the
Age-of-Information (Aol).

The concept of Aol was initially defined in the field of
vehicular communications [1] and motivated the investigation
of Aol in queueing systems [2]. Today, the Aol is known for
a variety of system models, see the recent surveys [3], [4],
including wireless channels [5], [6], wireless networks [7],
random access channels [8]-[10], queueing systems [11], [12],
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Fig. 1. System with S networked sensors that observe a physical phenomenon.
The sensors generate samples, indexed by 4, at times A;. The samples are
transmitted via a network and received by the monitor at times D;.

and queueing networks [13]. While the focus has been on
mean Aol and mean peak Aol, there are a number of papers
that derive the CCDF [12], [14]-[16] or tail bounds of the
Aol [17], [18].

The classic configuration studied in Aol involves a single
sensor that observes a physical phenomenon. The sensor takes
samples at random times and sends them as packets over a
network to a monitor. During transmission, packets can be
delayed or even lost. As a result, the information available to
the monitor has a certain age, which is quantified by the Aol.
This system is a special case, S = 1, of the general S sensor
system shown in Fig. 1.

In many instances of practical significance, however, there
are multiple sensors, S > 1, as illustrated in Fig. 1. Sensors
can be spatially distributed, redundant, or of different types,
and can be connected in a variety of ways, including inde-
pendent network paths or a shared wireless channel. Environ-
mental monitoring involves many spatially distributed sensors
that generate correlated information and can be connected via
LoRaWAN or 5G mMTC, for example. Modern vehicles are
equipped with automotive Ethernet and an array of sensors,
including cameras, lidar, radar, and ultrasound, that observe the
environment and create overlapping or correlated views. Vehi-
cles share sensor information over Wifi to create a collective
perception, to name a few examples. Despite this, the effects
of the Aol when multiple statistically correlated sensors are
available have only recently begun to be explored [19]-[23],
and so far there is no mathematical derivation that incorporates
spatial correlation into the Aol.

In this study, we examine physical phenomena represented
as correlated spatio-temporal processes sampled by a num-
ber of distributed sensors S. The spatial dimension can be
Euclidean space, although this is not a necessary condition.
The same methodology can be applied to include sensors that
observe different but correlated physical phenomena, such as
road traffic flow and travel time or air quality. In general, the
spatial and temporal sampling densities are constrained by the
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Fig. 2. Example timeline. The times A; at which sensors take samples are
indicated by circles. The circle is filled, if the sample is available at the
monitor at time ¢, i.e., if the departure time from the network D; satisfies
D; < t. The most recent sample of sensor s has Aol A¢(s). Assume the
physical process of sensor 1 and time ¢ is of interest. A stale sample of sensor
1 with Aol A¢(1) can be used, or a prediction can be made using fresher
samples from remote sensors 2 or 3.

limited capacity of the network. This raises the question of
which sensor should be sampled and when. A related question
is whether it is preferable to use outdated information obtained
at a specific location or to utilize the most recent data from
a different location. Fig. 2 illustrates the example. To make
progress on these issues, it is necessary to formalize the trade-
off between Aol and the spatial distance of sensors.

To include the spatial dimension into the temporal analysis
of Aol, we define a two-dimensional (2D) model of Aol and
derive an age-equivalent representation of spatial distance. The
distance measure can be directly incorporated into the Aol,
providing a strong link to the existing Aol literature and a
foundation for further investigation. In particular, our work
achieves a mapping of the Aol of spatio-temporal sampling
to a suitably adapted model of Aol in parallel systems. The
spatio-temporal process model we start from is generic and can
be defined in different ways depending on the specific analysis
being performed. In the course of this paper we use Gaussian
processes, with distinct covariance kernels, but other models
are also possible. An important finding of our work is that
spatial distance can have very different effects depending on
the type of covariance kernel. In the basic case of exponential
product kernels, the spatial distance between the sensors leads
to an additive shift of the Aol, that is independent of time.
In contrast, in the case of squared exponential and rational
quadratic kernels, the impact of spatial distance on the Aol is
observed to diminish over time.

By employing our model of 2D-Aol, we demonstrate the
potential benefits and limitations of distributed sensors. In our
analysis, we consider different network models, including both
lossy ALOHA multi-access links and lossless M/M/1 queues.
We evaluate the impact of spatial topology and sensor density
on the Aol performance. We use our method to show the trade-
off between refining the temporal or spatial resolution and
which is most advantageous under a capacity constraint. We
believe that our methodology is also suitable for studying other
relevant systems.

The main contributions of our work are summarized below:

1) We extend the temporal concept of Aol by a spa-

tial dimension to include multiple, distributed sensors.
Compared to related works, the key difference is that

we derive an age-equivalent representation of distance,
which we integrate into the standard model of Aol. This
allows us to effectively extend Aol results that exist for
a variety of different channel and queueing models to
distributed sensors.

2) We use Gaussian processes to model temporal and
spatial correlation and derive how sensor distance af-
fects the Aol. We discover that the effect of distance
shows fundamental differences, depending on the type
of covariance kernel. This finding goes beyond state-of-
the-art studies that use an a priori assumption of a linear
attenuation factor of the Aol to model distance.

3) We validate our results using a real freeway traffic
scenario by training a kernel function with traffic counts
from distributed loop detectors.

4) We evaluate the effect of the spatial density of sensors
on the Aol. Given a communication capacity constraint,
we weigh the spatial and temporal sampling intensities
against each other to minimize the Aol.

The remainder of this work is structured as follows. We start
with a discussion of related works in Sec. II. In Sec. III we
define the notion of 2D-Aol. We show how the 2D-Aol can
be evaluated for a network model with independent channels
in Sec. IV. In Sec. V, we give a brief background on Gaussian
processes to characterize spatio-temporal physical phenomena
and we use these to instantiate the 2D-Aol model. Sec. VI
considers relevant covariance kernels and their impact on the
Aol. We show an application of Gaussian processes to real-
world road traffic data in Sec. VII. Evaluation results are
presented in Sec. VIII, where the spatial density of the sensors
is one of the key factors taken into account. Brief conclusions
are provided in Sec. IX. Further results and a non-Gaussian
model of 2D-Aol can be found in the technical report [24].

II. RELATED WORK

The freshness of information is of general interest in various
areas, including vehicular networks [1], [2], remote state
estimation [23], [25], [26], networked feedback control [27]-
[29], and cyber-physical systems in general, databases, caches,
to micro-blogging [30]. The work [1] on the Aol of status
information broadcast by vehicles in a vehicular network
marks the beginning of comprehensive research on the topic
of Aol. Subsequently, the Aol of various queueing models
was investigated [2], and today a catalog of results for various
systems is available, see e.g., [12] and the surveys [3], [4].

1) Definition of Aol: For a basic definition of Aol, consider
a sensor that is connected to a monitor via a network, as shown
in Fig. 1 for the special case S = 1. The sensor generates
samples ¢ > 1 at times A; and sends them to the network,
which delivers them to the monitor at times D;. The Aol at
time ¢t > D7 is defined as

The Aol exhibits a distinctive piecewise linear sawtooth shape.
Upon the arrival of a new sample at the monitor, the Aol drops
to the delay of that sample, that is A, = D; — A, if t = D,.
Subsequently, the Aol increases at unit rate with time, until a
fresher sample is received.



2) Value-of-Information: Different from the linear aging as-
sumed by the definition of Aol (1), there are also systems that
exhibit nonlinear behavior as the information ages. Important
examples arise in remote state estimation of a system or a
process [25]-[29]. The difference to (1) is often formalized in
terms of nonlinear functions of the Aol [3]. An age-penalty
is defined in [31] as a non-decreasing function of the Aol
to model the dissatisfaction caused by stale information. The
concept of the age of incorrect information [32] uses a product
of two functions, an age-penalty and an error-penalty, where
the latter evaluates the deviation of the monitor’s estimate from
the correct state of the physical process. Mirroring age-penalty
functions, the non-increasing value of aging information is
modeled as value-of-information in [33].

Nonlinear functions of the Aol have been used in networked
feedback control systems to characterize the mean squared
error that arises in remote state estimation of a linear system
with Gaussian disturbances [27]-[29]. Related to this are the
works [25], [26] on remote estimation of the state of Gaussian
processes. Gaussian processes are also used to model spatial
phenomena. In this case, the process at one location of interest
can be predicted from another sensor location. The prediction
variance is used in [34] to define the value-of-information of
that sensor.

3) Overlapping Sensors with Common Observations: In
recent research [19]-[23], [35]-[51], there is a growing interest
in the Aol of multi-sensor systems. The works [37]-[39], [41]-
[45], [50], [51] are based on a model of overlapping sensors
that can generate common observations. They differ in their
assumptions regarding the overlap of the sensors. In [35],
[36] multiple sensors that generate independent information
flows are considered. The flows share a single queue, and
thus influence each other’s Aol. Multiple sensor sources that
share a single queue are also examined in [50], [51], with the
difference that a fraction of the updates of each source are
also valid updates for the other sources.

The Aol of systems in which multiple sensors monitor the
same physical phenomenon but transmit their samples via in-
dependent channels is analyzed in [38], [39]. In [38], an energy
harvesting system is investigated that can choose between
multiple sensors, each of which offers an individual trade-
off between Aol and energy. A dual-updating system, where
two sensors generate and transmit samples independently, is
considered in [39], and the Aol is derived for Markovian and
deterministic queues with feedback. Directly related to multi-
sensor systems that observe a single physical phenomenon are
parallel systems in which the samples from a single sensor
are split between two (or more) independent channels [6],
[52]. As only the most recent sample is decisive for the Aol,
the main characteristic of parallel systems is that their Aol
is the minimum of the Aol of the individual subsystems.
In contrast, [40] studies a system with S sensors with the
constraint that a sample from each of the sensors is required
to reconstruct the physical process. In this system, the Aol is
the maximum of the Aol of the individual sensors.

The Aol of systems with overlapping sensors that generate
common observations is studied in [37], [41]-[45]. In [41] a
multi-view camera system is considered, where S cameras ob-

serve K different scenes. A single camera can observe multiple
scenes and the cameras’ fields of view overlap so that scenes
are observed by multiple cameras simultaneously. A similar
model of sensors with overlapping monitoring areas is used
in [45] and in [37], where K information sources are sensed
by S servers. A related model with non-deterministic sensors,
where sensor s € {1,2,...,5} detects physical phenomenon
k € {1,2,...,K} with probability ps, is studied in [42],
[43] and also in [44] which models the coupling of the Aol
processes of the sources.

4) Correlated Sensors: More closely related to our work
are the recent papers [19]-[22] that use Gaussian processes
to model the spatial and temporal correlations of multiple
distributed sensors. A common feature of these papers is that
the monitor uses only the most recent sample from each sensor.
This is consistent with the definition of Aol. The Aol is then
used as input to a nonlinear function that expresses an age-
penalty or value-of-information: [19] employs the estimation
error resulting from using aged information from a possibly
remote sensor, similarly [21], [22] apply the mean squared
estimation error, and [20] uses the mutual information that
applies over a spatial span and temporal lag. A related work is
also [23], which uses Kalman filters with inputs from multiple
sensors to estimate the state of several random walks with
spatially correlated Gaussian increments. Unlike [19]-[22],
our consideration of spatially distributed sensors takes place
in the Aol domain, i.e., we transform spatial distance into a
representation that is equivalent to Aol. This provides a direct
link to the Aol literature, where our result generalizes the Aol
of parallel systems [6], [52] by considering correlated spatio-
temporal processes instead of a single temporal process.

In more detail [19] considers two sensor nodes, one at the
point of interest and one distant. The sensors generate samples
periodically with update period 7" and a defined offset 7. The
Aol is deterministic in [0,7) meaning there are no network
delays or losses. Regarding the estimation error, a key insight
is that there is a break-even point at which a fresh sample
from the far sensor is better than an outdated sample from
the near sensor. This imposes a deterministic condition on the
update period and distance for the far sensor to take effect. In
our work, we show that similar conditions can be established
in the case of random network delays as they occur, e.g., in
multi-access channels or queueing networks.

The papers [20], [21] differ from our work in that they
consider the optimal scheduling of S sensors connected via
a satellite link with deterministic delay or a wireless sensor
network with zero delay, respectively. For a random topology
where sensors are deployed as a Poisson point process, [22]
investigates how the density of exponential temporal and
spatial sampling affects the estimation error. Analytical so-
lutions are provided for a one-dimensional sensor network
and exponential service times. Among other things, we also
evaluate the density of a sensor network, but our results are
expressed in terms of Aol

5) Modeling Spatial Distance in the Aol Domain: The
works [45]-[47], like our work, differ from [19]-[22], by
modeling the spatial distance of the sensors in the Aol domain:
[45] multiplies the Aol of a sensor by an attenuation factor



a € [0,1] when a more recent sample from another correlated
sensor becomes available. Similarly, [47] defines a hyper-
parameter a as a weight of the Aol of a neighbor having
fresher information, and [46] uses a weighting factor a of the
Aol, which is determined from a spatial model of a vehicular
network consisting of spatial distance and angle of vehicles.
Different from these works, we do not make the a priori
assumption that spatial distance can be expressed by a constant
attenuation or weighting factor of the Aol. Instead, we start
with a defined correlation model and derive a function that
characterizes the influence of spatial distance on the Aol. To
parameterize the function, we evaluate several spatio-temporal
covariance kernels. Stationary exponential product kernels,
which are also used in [19], [20], [22], have the basic effect of
causing a constant additive offset of the Aol of distant sensors.
For squared exponential and rational quadratic kernels, on the
other hand, we find that the influence of spatial distance on
the Aol diminishes as the Aol increases. These behaviors,
demonstrated through the use of different kernel functions, are
fundamentally different from those assumed in related studies.
In practice, once we have estimated the covariance kernel for
given real-world data, we can develop strategies to optimize
the Aol for this scenario. We demonstrate this for the case of
road traffic monitoring.

III. DEFINITION OF 2D-Ao0I

We consider a set of sensors S = {1,2,...,S}. In a basic
scenario, sensors are homogeneous and differ only by their
position x; where s € S is the index of the sensor. The position
T, can be scalar, i.e. lie on a one-dimensional line, but it
can also lie in two- or three-dimensional Euclidean space. To
simplify notation, we generally refer to sensors by their index.
In important cases, which we will analyze below, only the
sensor position x4 referred to by index s is relevant. However,
other parameters such as different types of sensors can also
be included, resulting in a higher dimensional model.

The sensors sample the physical process and transmit the
samples to a monitor. The samples may be subject to noise,
which we will consider in Sec. V-D. During transmission,
samples may be delayed or may even get lost. We denote
samples that are available at the monitor at time ¢ > 0
by indicator variables I';(s,7) € {0,1}, where s € S and
7 € [0,7] is the generation time of the sample. Time can be
continuous or discrete. The monitor has a time horizon 7" that
can be unlimited 7" = oo or limited 7" < oo, in which case
samples that are older than 7" are discarded. The Aol of sensor
s €S at time ¢ > 0 is

Ay(s) =inf{7 € [0,min{¢, T} : Ty(s,t —7) =1},  (2)

If no sample of sensor s is available at the monitor at time £,
we define A;(s) = oo, that is also obtained from (2) as the
result of taking the infimum of the empty set.

The Aol A;(s) can be thought of as a penalty when
predicting the physical process at position x5 and time ¢ from
the latest sample that is available for that position at the
monitor. This is the sample generated at time 7 = ¢ — A¢(s).
The actual quality of the prediction depends on the temporal
correlation.

If the point of interest is x4, but we have a sensor at
position x. # x5 (instead of or in addition to the sensor at
position x), the physical process at position z¢ and time ¢
can also be predicted from a sample of the sensor at position
x.. The latest sample of that sensor was generated at time
T =1t — A(s), see the example in Fig. 2. Now, the quality of
the prediction depends on the temporal correlation and on the
spatial correlation of the process at positions x. and z4. This
motivates a notion of two-dimensional (2D) Aol, expressed
by the function A% (g, s). The 2D-Aol can be thought of as a
spatio-temporal distance of a sample. In the special case ¢ = s
we have A% (¢, <) = A4(s), while for ¢ # s in the general case
A% (g, s) is different from A4(c).

The difference A+(s,s) = A% (s, s) — A¢(s) represents the
effect of the distance of the sensor at position x. on the
Aol at position zs. We call Ay(s,s) the Age-equivalent (of
the) Distance (AeD). In the simplest case, a distant sensor
perceives a physical phenomenon delayed by a deterministic
time A+(s, s). This is the case with seismic waves, for example,
which travel at a few kilometres per second and are detected
by distributed sensors. How to select A;(c,s) in non-trivial
cases based on statistical correlation is shown in the following
Secs. V and VI. In some relevant cases, we find that the AeD
Ai(s,8) = A(s, s) is only a function of space and independent
of time, while in others it is a more complex function that
changes with time.

Using the definition of AeD, the 2D-Aol is expressed as a
sum of AeD and Aol as

AP (s, 8) = Au(s, 8) + A(q). 3)

Given the monitor has samples from several sensors S > 1,
an evident choice is to select the sample that has the minimal
2D-Aol

A7 (5) = min{A7 (<, )} o

To keep the notation simple, we use A% again, but with a
single argument. In the case that the AeD is just a function of
space, it simply contributes as a time-independent offset, and
we have

AP (s) = min{A(,5) + Ai(o)}- 5)

Equation (5) permits a very intuitive visualization, which is
shown in Fig. 3. In the example, there are S = 2 sensors
and the minimal 2D-Aol A?(1) for sensor 1 is derived. A
continuous time model is used. As before, A; denotes the time
of generation of sample ¢, that is the arrival time of the sample
to the network, and D, the time of its departure from the
network to the monitor. Samples 2 and 4 are taken by sensor
1 and samples 1, 3, and 5 by sensor 2. The thin green saw-
tooth function represent A%(1,1) = A4(1), that is the Aol
of sensor 1. The thin blue saw-tooth represents AP (2,1) =
A(2,1) + A4(2), that is the Aol of sensor 2 shifted upwards
by an offset that considers the AeD of sensor 2 with respect
to sensor 1. At the monitor the sample that has the minimal
2D-Aol is selected, marked by the thick saw-tooth function
that is either green, if the most recent sample of sensor 1 is
used, or blue, if the most recent sample of sensor 2 is used.



sensor 2

Fig. 3. Example of the evolution of the 2D-Aol AZ(1) for S = 2 sensors.

It is evident that the utility of sensor 2 depends on the condi-
tion that the Aol of sensor 1 exceeds the AeD of sensor 2. In a
deterministic network with constant delay, it is straightforward
to devise a sampling schedule that adheres to the specified
condition. This result is consistent with the identification of
a break-even point in Gaussian process estimation from two
sensors and deterministic sampling as detailed in [19], see the
discussion in Sec. II. In the following, we derive statistics on
the 2D-Aol under random sampling and random transmission
delays.

IV. 2D-Ao0l FOR INDEPENDENT CHANNELS

We consider a network that connects each sensor ¢ € S
to the monitor via an independent channel. In this case, the
distribution of the minimal 2D-Aol from (4) is

PA?(s) > 9] = Pmin{A7(s, )} > y]

= [P, s) > y] (6)
cEeS

~TIPIA) > y—As) ()
SES

In (7) we have substituted (3) where we consider the AeD
A(s, s) as a deterministic, time-independent function of space
and A,(s) is the random Aol process. Note that the AeD can
also be modeled as random, in which case (7) evaluates the
sum of two random variables P[A.(¢) + A(s,s) > y]. For
the special case A(s,s) = 0 for all ¢, s € S, (7) recovers the
Aol of a parallel system, in which independent samples of the
same physical process are transmitted to a monitor via parallel
transmission channels. Parallel systems have previously been
studied in [6], [52]. To evaluate (7), we need the CCDF of the
Aol, as given in [12] for the M/M/1 queue, for example.

In the following, we investigate spatio-temporal processes
where A(s,s) > 0 for ¢ # s. We consider the stationary
distribution of A%(s) and omit the subscript ¢ when it is
nonambiguous. The expected value of the 2D-Aol is obtained
by integration of the tail distribution as

E[A(s)] = / T PIAT(s) > yldy. ®)

For a first evaluation, we consider a set of spatially dis-
tributed sensors that are each connected to the monitor via an

independent M/M/1 queue with unlimited buffer space and
FCFS policy. The CCDF of the Aol of the M/M/1 queue
is [12], [14]
e M,
©))
where the time parameter y > 0 is continuous, A > 0 is the
arrival rate, p > 0 is the service rate, with p > X for stability,
and p = A/p is the utilization. The expected value of the Aol
of the M/M/1 queue is E[A] = (1+1/p+p?/(1—p))/u. It is
minimized for p ~ 0.53 [2]. Regarding the CCDF, there is no
single value of p that minimizes (9) for all y > 0. However,
p = 0.53 is a good choice, as it is generally close to optimal.

By insertion of (9) into (7), we obtain the CCDF of the
2D-Aol A*(s). By integration of the tail distribution (8) the
expected value E[A®°(s)] follows.

We note that the CCDF of the Aol or tail bounds of the
Aol are also known for a number of other queueing systems
and wireless channel models [12], [15]-[18], which can be
used in the same way. We show the two cases of M/M/1/1
and M/M/1* queues below.

As the Aol is determined by the last sample available at
the monitor, it is often better to discard packets that cannot
be transmitted immediately than to buffer them. This makes
network systems without buffers particularly interesting. The
M/M/1/1 system has no buffer and if the system is busy, a
new arrival is discarded. The CCDF of the Aol is [16]

1 1
P[A > y] = e_(l_P)HZI _ ( + pﬂy) e MY 4
1—p 1—p

PIA > y] =
Y —
im0 )
Bt A Alp—A)? A op—A
for A\ # p and

2 22
P[A>y}=2(Ti)\)€ ”y<y+u> ;

for A = p.

The M/M/1* system is a variant without buffer and with
preemption, in which a newly arriving packet preempts a
packet that may already be in service. The CCDF of the Aol
is known to be [12]

Y LS VR Sy
P[A>y]—M_>\e /J_/\e ,
for A\ # p and P[A > y] = (1 + Ay)e™Y for A = p.

In Fig. 4, we consider S = 2 sensors and evaluate the effect
of the AeD A(2,1) on the 2D-Aol A®(1). In Fig. 4(a) we
compare the expected value of the 2D-Aol A®(1) obtained in
case of independent M/M/1, M/M/1/1, and M/M/1* systems.
The service rate is set to © = 1 and the arrival rate A is adjusted
to evaluate the impact of the utilization. The AeD of sensor
2 is set to A(2,1) = 1. The dashed lines show corresponding
results that are obtained if only sensor 1 is used. It can be
seen that including the more distant sensor 2 improves the
2D-Aol A*(1). For systems without buffer, i.e., M/M/1/1 and
M/M/1*, a higher update rate A\ and thus an increase in p
generally improves the Aol. The situation is different with
M/M/1 queues, where waiting times in the buffer affect the
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Fig. 4. 2D-Aol A®(g, s) and minimal 2D-Aol A?°(s) = minc{A?°(s, s)} for two sensors ¢, s € {1,2} that are connected to a monitor via independent
M/M/1 queues. Fig. 4(a) compares the expected 2D-Aol for different types of systems. The AeD is A(2,1) = 1. The dashed lines mark the case where only
sensor 1 is used. Fig. 4(b) evaluates the impact of the AeD A(2, 1) on A?"(1) for the M/M/1 case. Fig. 4(c) shows the effect of two values A(2,1) € {2,10}

on the CCDFs.

Aol. As the arrival rate increases, the Aol first decreases, but
when the utilization surpasses 0.53, the Aol increases again.

In Fig. 4(b), we show how the mean and the 0.9 quantile of
A(1) increase with A(2, 1) for the case of two homogeneous
M/M/1 queues with parameters A = 0.53 and © = 1. We
do not show corresponding results for the case of M/M/1/1
and M/M/1* queues, since they exhibit the same trend when
A(2,1) is increased. In case of A(2,1) = 0, both sensors
generate samples of the same process and A®(1) equals the
Aol of a basic parallel system, in which samples of a single
sensor are transmitted in parallel via two independent M/M/1
queues [52]. For A(2,1) — oo the samples of sensor 2 become
irrelevant and A®(1) approaches the Aol of a single M/M/1
queue. The cases A(2,1) = 0 and A(2,1) — oo mark lower
and upper bounds, which are indicated in the figure by dashed
dotted lines and dashed lines, respectively. In between, A(2, 1)
has a noticeable effect. The extent is determined by A(2,1)
and by the speed of the tail decay of A;(¢) as given by (9).

We explain the effect in Fig. 4(c) where CCDFs for the cases
A(2,1) = 2 and A(2,1) = 10, marked by circles in Fig. 4(b),
are compared. For A(2,1) = 2 (solid lines), the CCDF of
A*(2,1) decays from 1.0 starting at y = 2, where the CCDF
of A*(1,1) has already dropped to approximately 0.6. At this
point, sensor 2 begins to contribute and the CCDF of the
minimal 2D-Aol A*(1) decays faster than A*®(1,1) from that
point onward. For A(2,1) = 10 (dashed lines) the same effect
occurs. However, the CCDF of A*®(1,1) has already dropped
to about 0.02 for y = 10 before sensor 2 contributes, so that
the benefit of sensor 2 is almost negligible.

Essentially, the utility of sensor 2 depends on how far the
CCDF of the Aol of sensor 1 has dropped before the AeD
of sensor 2 is compensated and sensor 2 becomes useful. We
note that the speed of the tail decay of the CCDFs depends
on the arrival and service rates A\ and p of the M/M/1 queues,
where we used A = 0.53 p, see the exponents in (9).

V. GAUSSIAN SPATIO-TEMPORAL PROCESS MODEL

We defined 2D-Aol A®(g, s) in Sec. III as an abstract and
generic concept that can be tailored to different applications.
In this section, we show a way in which Gaussian processes

can be used to instantiate the 2D-Aol. The use of Gaussian
processes also makes a connection of Aol with regression and
machine learning. Depending on the application, alternative
process models and metrics can also be useful for specifying
the 2D-Aol.

The physical phenomenon that we consider is a spatio-
temporal process that is modeled as a two-dimensional Gaus-
sian process. Additional dimensions, e.g., the correlation of
different types of sensors can be included as well. We use
the posterior variance of the Gaussian process model to
establish a link between space and time and to derive the Age-
equivalent of the Distance (AeD) of a sensor. The posterior
variance is associated with the Aol when the most recent
sample of a sensor that is available at the monitor is used
for prediction. In the case of spatio-temporal processes (or
general higher-dimensional Gaussian processes), we use the
posterior variance resulting from the most recent sample of
a distant sensor to derive the 2D-Aol as the equivalent age
(in terms of posterior variance) of a sample at the position of
interest.

Before deriving the 2D-Aol, we provide a brief overview
of Gaussian process regression. A comprehensive treatment
is [53]. For an introductory lecture see, e.g., [54]. We present
an application of Gaussian processes to a real-world dataset
in Sec. VIIL

A. Gaussian Process Regression

The following Gaussian regression model is commonly used
for prediction in machine learning [53].

1) Process Definition: We consider a Gaussian process
f(x) that takes an input vector x to a function value f.
The Gaussian process is completely specified by its mean
function u(x) = E[f(x)] and covariance function k(x, x’)
E[(£(x) — p(x))(F(x') — pu(x'))]

For a set of values {(x;, f(x;),i = 1,...,m} the Gaussian
process implies a multivariate Gaussian distribution f =
{f(xl)’ f(XQ)a ) f(xm)} ~ N(”’f’ Eﬁ') where %3 is the
mean vector and Yg the covariance matrix of f obtained by
evaluating the mean function and covariance function at all
points {x1,Xa2,...Xm}-



2) Regression/Prediction: Given a set of m observed values
f, the goal is to predict a set of m, values f, that are not
observed. The joint prior distribution of f and f, is

£ Mg Yg X,
[f*} N (L"fj ’ {Ef*f an]) ’

where g, is the m X m, covariance matrix of all pairs of
values in f and f, and so on. Conditioning on the observations
f, the posterior distribution of f, is [53, Eq. (2.19)]

[£. | £) ~ A (s, + Se.eSg (F — ),

Ste. — SeeSg L. ) (10)
In particular, the posterior covariance does not depend on
the actual values that are observed. The term Ef*fzg-lsz*
quantifies the reduction in uncertainty that is achieved by the
observations f.

3) Standard Kernels and Combined Kernels: The covari-
ance function is also called the kernel and there are a number
of well-known kernel functions in the literature [55], such as
exponential, squared exponential, and rational quadratic, that
are characteristic of different processes. As a first example, we
consider an exponential covariance function with a scalar input
x, which is known as the Ornstein-Uhlenbeck process [53]. It
is defined as

k(z,2') = o2e 1l (11)
where o2 > 0 is the variance and parameter [ > 0 determines
the length scale of the correlation. The kernel depends only on
the difference x — a4/, i.e., it is stationary. The mean function
is frequently normalized as u(x) = 0.

If the process depends on a vector of inputs, several individ-
ual kernels can be combined to build a new multi-dimensional
kernel. Multiplication of kernels gives a kernel that has large
values only, if all of the individual kernels have a large value.
This can be thought of as ‘and’ operation [55].

A relevant case arises when we consider a system of
spatially distributed sensors whose values are correlated in
space and time. If the spatial and temporal correlations are
each modeled by an exponential covariance function with
indices s and ¢, respectively, then the 2D kernel that is obtained
by multiplication is

k(x,x") = o2 Ts|Ts—l - g lwe—ai]
Other higher-dimensional models are also possible.

In practice, the observation of the function values f(x) may
be subject to noise. With additive iid Gaussian observation
noise €, with zero mean and variance 012\,, the covariance
matrix of the observations is [53, Eq. (2.20)]

Sg = k(x,x') + Io%. (12)

It is common to learn the type of kernel and its hyper-
parameters, such as the length scales I, I;, variance ¢2, and
noise variance o, from training data. A standard method is
to apply Bayesian inference and estimate the hyper-parameters
by maximizing the marginal likelihood [53, Sec. 5.41].

B. Prediction Variance

We characterize the samples that are available at the monitor
at time ¢t > 0 by indicator variables I';(¢,7), where ¢ € S
denotes the sensor and 7 € [0, ¢] is the generation time of the
sample. Assuming the monitor does not have knowledge of
the physical process of sensor s at time ¢, it uses the samples
I'(¢,7) to make a prediction and we denote ®,(I', s) as the
prediction variance of the estimate. For a Gaussian process we
use (10) to derive the prediction variance

(T, s) = Xr.r. — Serlg S, (13)

where f comprises the samples that are used to make the
prediction, these are the samples marked in T, and f, is the
prediction, here of the process at sensor s and time ¢.

Similarly, we use ®;(s, s) to denote the prediction variance
of the process at sensor s and time ¢, given only the most
recent sample from sensor ¢ with Aol A;(s). The variance
®,(s,s) can be viewed as a penalty that is due to to the use
of a sample from a different sensor ¢ and the Aol of that
sample. Conversely, the term Ef*fzﬂ_-lsz* is a measure of
the value-of-information of the sample, as it quantifies the
reduction in uncertainty that is achieved by the sample. Since
the definition of Aol is based only on the generation time
of the most recent sample available at the monitor, we use
the same approach to derive a relation between the posterior
variance and the 2D-Aol. We note that the monitor can still
use all available samples and (13) to reduce the prediction
variance further.

C. 2D-Aol of Product Kernels

Equation (13) provides a means of calculating the prediction
variance for any given covariance kernel k(x,x’). Evaluating
the kernel at defined points in time and space yields the
covariance matrices g, etc., which are used in (13). In the
following, we employ a number of well-established kernel
functions in order to derive closed-form results. In particular,
we formalize the relationship between space and time, thereby
obtaining the AeD of sensors. We use stationary product
kernels [55] to model spatio-temporal processes. To include
a range of common kernel functions, we consider product
kernels with the following structure

k(A xe,xs) = 02k (A () ks (e, ), (14)
where functions k; and k, satisfy k:(0) = 0, ks(zs,z5) = 1
for all s € S, and o2 is the process variance. Function k;
denotes the temporal correlation and k the spatial correlation.
Additional dimensions, such as non-homogeneous sensors, can
be included in k, by extending the index set, or represented
by multiplication of additional kernel functions.

In line with the general assumption of Aol, that a new
sample replaces previous samples, we assume that function
k: is decreasing. This means that a more recent sample is
better suited for prediction than any previous one. We define
k, ! to be the inverse of k;. Since k; is decreasing, it follows



that k; ' is decreasing, too. To see this, define y; = k;(z;)
and x; = k; Y(y;). Then for k; decreasing and y; < ¥

Y1 < y2 & k(1) < ke(22)
x>0 k) > kN (ye).

The prediction variance given the most recent sample of
sensor ¢ follows by insertion of (14) into (13) as

B,(c,s) = 0—2(1 - (kt(At(g))ks(:Eg,xs))2>,

where we used that g = ¢ ¢ = 02, Ef__rl = 1/02, and
Yg, = Ygf = ngt(At(Q)kS(xcaxS)-

The next step is to leverage the structure of the prediction
variance in (15) to develop a definition of 2D-Aol that trans-
forms space into an equivalent of time. This is achieved by
setting

(15)

AP (s, s) = kt_l(kt(At(g))kS(xw s))-
The definition implies that
k(A7 (S, 8)) = ke(Ae(<))ks (g, 25),

i.e., the 2D-Aol transfers the spatial correlation kq(x.,xs)
to the temporal domain, expressed by function k:(A%(s, s)).
Thus, (15) can be written as

Duls,5) = 0% (1= ((&2(c.5))")

using only the temporal covariance function k;. This means
that for predicting the physical phenomenon at position xg
and time ¢, a sample from position z. with Aol A(s)
is as good as using a sample from position z; with Aol
Ay(s) = A%(g, s). This achieves the intended transformation
of the spatial distance into an age-equivalent representation.
Given the prediction variance, (17) can be solved for the 2D-

Aol
(0]
AZtD(QS) = kt_l ( 1 t(§’8)> ’

(16)

a7)

o2

As defined in (3) we have AP (¢, s) = As(s, s) + As(s) and
by insertion of (16) into (3) we obtain the AeD

Ae(s,8) = ky (ke (Ae(€)) ks (g, w5)) = Ag(6)-

We will derive A:(s,s) and hence A®(s,s) for different
commonly used kernel functions in Sec. VI, where we find
that in some but not all cases A¢(s, s) is a function of space
only, i.e., A¢(s,s) = A(s, s) as depicted in Fig. 3.

Before we move on to specific kernel functions, we con-
clude this section with some general results. With (3) the
CCDF of A?(s,s) is

PIAT(s,5) >yl = P[Au(s) >y — Au(s, )],

for y > A4(s, s). The CCDF of the prediction variance follows
from (17) as

(18)

19)

P[®i(s,s) > 2z0%] = P[1 — k(A% (s, 8))* > 2]
Pk (A%(s,5)) < V1— 2]
P

[A7(c,8) > ki (VI =2)],

where we normalized the CCDF with the variance, so that
z € [0,1]. Above, since k; ! is a decreasing function the order
of the inequality is inverted. Solving for A;(s) the CCDF of
the prediction variance can also be written as

P[®:(s,s) > 20°] = P[At(g) >kt (lﬁ)] (20)

The sample that has the minimal 2D-Aol is the most recent
sample of the sensor ¢ that minimizes the prediction variance
argmin_{®(¢, s)}. In the case that the sensors are connected
via independent channels, (6) applies accordingly to the pre-
diction variance and the CCDF of the minimal prediction
variance ®;(s) = min {P(s, s)} is

P[®(s) > 20%] =P {Igneiél{@t(c, s)} > zo?

= H P[®(s,s) > zo?].

SES

2n

The mean prediction variance follows by integration of the tail
distribution as E[®;(s)] = fol P[®.(s) > z0?%]dz.

D. Observation Noise

Assuming noisy observations f with additive iid Gaussian
noise € with zero mean and variance 012\,, the covariance of
the observations, given by (12), is Sg = k(x,x') + Io%.
The prediction variance follows by insertion of Xg into (13).
Here we assume that the noise of all sensors is homogeneous
with variance o%. Sensors with different noise variance can
be taken into account at the expense of additional notation.
When using the most recent sample of sensor ¢ for prediction,
we have Xg = 02 + 0%, and by insertion of (14) into (13) the
prediction variance turns into

®1(c,8) = 0% (1 = nlke(Ae(6) ks (2, 25))%),

with n = 021712 Here we used that Y¢ ¢ = 02, Ef_fl =
N

1/(0? 4+ 0%), and S, = Sg.¢ = 02k (As(s)) ks (e, x5).

Substituting (22) into the key steps of the definition of 2D-
Aol in (15)-(17), we see that the inclusion of observation noise
has no effect on the definition of 2D-Aol, but only on the
prediction variance, and (20) is shifted so that

V1—=z

P[®(s,8) > 20%] =P {At(c) > k1 (\/m)]

This allows our model to easily incorporate independent Gaus-
sian noise. For convenience, we use 7 = 1 in the following,
i.e., we assume noise-free observations or negligible noise.

(22)

VI. 2D-Aol oF COMMON KERNELS

Using the general results from Sec. V we derive specific
solutions for products of some widely used kernel func-
tions including exponential, squared exponential, and rational
quadratic. Empirical data have often been used to parameterize
these kernels, e.g., exponential product kernels have been
used to model spatio-temporal temperature and humidity data
in [19], squared exponential kernels for road speed correla-
tion [34], and product kernels including squared exponential
and rational quadratic for atmospheric COy concentration [53],
to name a few.



A. Exponential Kernels

For the case of exponential product kernels we instan-
tiate (14) with k (Au()) = e 72 and ky(we,z,) =
et 1772l where |zc — 4| is the Euclidean distance of
sensors ¢ and s, and [;,l; > O are the length scales of
the spatial and temporal correlation, respectively. The inverse
function of the temporal covariance function follows as

ki '(y) = ~lIny,
for y € (0,1], and by insertion into (18) the AeD is

A(s,5) = —1; ln(e_ilk_”‘*‘le*iAt(g)) — Ay(<)

lt
= —|zc — x4l

L

The CCDF of the 2D-Aol follows directly by insertion of (23)
into (19) as

(23)

l
PLAT(6.5) > 5] =P A9) >y = o~ @b

for y > %\xs — x4|. The CCDF of the prediction variance
from (20) is

P[®:(s, s) > z02]

=84 > ~tun( vi-: )|

—i‘wg—ws‘

€

_ P[At«) > (1) g - @ (25)

S

for 2 > 1—e %1% %! and z < 1. For exponential product
kernels, the AeD A(s,s) in (23) is a function of space only.
This is the basic case that we depicted already in Fig. 3.
Numerical results for this case have been presented in Sec. IV.

B. Squared Exponential Kernels
For squared exponential kernels we substitute k;(A;(<)) =

-1 (A 2 — L (xo—x,)? .
e ag (8¢()) and kq(xc,z5) =e 2z (o) , with Iy, s > 0,
into (14). It follows that

k' (y) = L/ —21ny,

for y € (0,1]. By insertion into (18) we obtain
1
,Lx,IS2_1At;2 P
Mtsos) = (—aim (o7 OOy

B W(m )2 A2 — As).

(26)

In comparison to the behavior observed in (23), the behavior
exhibited by (26) is quite distinct. In this case, the AeD
Ai(s,s) is a function not only of space but also of time,
specifically the Aol at the given time point t. When A;(¢) = 0,
(26) is identical to (23). However, the magnitude of A4(s, s)
in (26) is reduced as A.(s) increases, with A:(s,s) — 0 for
Ay(s) — oo. The effect is illustrated in the schematic in Fig. 5,
which can be directly compared with Fig. 3. In contrast to
Fig. 3, the spatial offset of the blue curve representing sensor
2 gradually diminishes over time in Fig. 5. This indicates

»
A

} AR 7
| | /4 | | I "4 | | |

T T T T T T T

A Dy A, D; A; D3y Ay As Ds Dy t

Fig. 5. Minimal 2D-Aol AZ(1) for the case of S = 2 sensors as in Fig. 3
but for squared exponential instead of exponential kernels.

that when sensors communicate less frequently, samples from
distant sensors are of greater value in the case of squared
exponential kernels than in the case of exponential kernels.

The CCDF of the 2D-Aol follows by insertion of (26) into
(19) as

2 2

2ule) > (1P loo-2?)

S

P[AT(s,s) >y] =P

] » 27)

for y > f—l‘|xq — x|, and the CCDF of the minimal 2D-Aol
is obtained by insertion into (6). The CCDF of the prediction
variance in (20) of the squared exponential kernel becomes

P[®:(s,s) > 202]

=P |As) > | —22In| ————
e_ﬂ(mc_z-?)

l2

At(g) > <_lt2 ln(l - Z) - l%(.%‘g - xs)Q) 2] , (28)

VvV1i—2z

=P

7%2(ng:53)2
H

forz>1—e¢ and z < 1.

Results for the scenario evaluated in Sec. IV, where two
sensors are spaced apart and connected to the monitor via
independent M/M/1 queues, are shown in Fig. 6 for squared
exponential kernels. The parameters of the kernels are selected
so that (xo — x1)%12/12 = 100, i.e., for Ay (2) = 0 the
AeD is A¢(2,1) = 10 from (26). For comparison, the dashed
lines show the previous results from Fig. 4(c) that apply for
exponential kernels with the same parameters x1, xs, lt, ls.

Fig. 6 clearly demonstrates the impact of the squared
exponential kernel compared to the exponential kernel. The
offset of A*(2,1) of the CCDF at 1.0 is identical to y = 10
in both cases. However, for y > 10, that is when A;(2)
increases, the CCDF of A*(2,1) of the squared exponential
kernel decays more rapidly. This is a consequence of (26).
As the value of y increases, the CCDFs of A*(2,1) and
A*(1,1) converge for the squared exponential kernel, showing
the decreasing effect of the distance of sensor 2. The CCDF of
A*(2,1) of the exponential kernel (dashed lines) has the same
speed of tail decay but will remain separated from A*(1, 1) by
y = 10. While A*(1,1) is identical for both types of kernels,
since it depends on the Aol A(1) only, the minimal 2D-Aol
A*(1) benefits from the more rapid decay of A®(2, 1) for the
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Fig. 6. CCDF of the 2D-Aol like Fig. 4(c) but with squared exponential
kernels. The dashed lines show the corresponding result when using an
exponential kernel.

squared exponential kernel, beginning at y = 10 and a tail
probability of about 0.02.

C. Rational Quadratic and Mixed Product Kernels

There are other commonly used kernel functions that can
be arbitrarily combined to form different types of prod-
uct kernels (14). We conclude this section by considering
a rational quadratic temporal kernel k;(A:(s)) = (1 +
A¢(5)?/(2al?))~, where a,l; > 0, combined with a not
explicitly specified spatial kernel kq(x., ) that can be any
of, e.g., exponential, squared exponential, or rational quadratic.
Following the established procedure, we obtain

kit (y) = /200 (y~ = — 1),

for y € (0,1]. By insertion into (18) the AeD is

\/204l?(l<:s(gvg,acs)fé -1)+ ks (e, )73 Ag(6)2— A ().
(29)

The CCDF of the 2D-Aol follows by insertion of (29) into (19)
PIAT(s,8) > y] =
1
P {At(g) > (ks(acq, acs)é (y2 + 2041?) — 204[?) 2], (30)

for y > (20d2(ks(zc,z5)"» — 1))2 and the CCDF of the
prediction variance follows from (20).

The AeD of the rational quadratic kernel in (29) shows a
dependence on the Aol A;(c) as also observed for the AeD of
the squared exponential kernel in (26). For high « the rational
quadratic kernel converges against the squared exponential
kernel. Consequently letting o« — oo, (29) is verified to be
the same as (26) for the squared exponential kernel.

VII. MODEL SELECTION FOR FREEWAY TRAFFIC FLOW

We illustrate how Gaussian process regression can be used
to model road traffic data collected by the traffic control
centers. A common technology for recording traffic counts
is loop detectors. This data is then transmitted to the control
center via wired or wireless communication.
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Fig. 7. Interstate US101-S, south direction. Segment between Cloverdale and
Healdsburg in direction Santa Rosa, California. Numbers indicate the absolute
postmiles. Sensors are indexed s = 1,2, ..., 14 in increasing order of their
postmile position. Map data © OpenStreetMap contributors, CC BY-SA [58].

For cost efficiency, wireless IoT technologies, such as
NB-IoT and LoRaWAN, are of particular interest for data
collection. However, these solutions only support small data
volumes, have low data rates, and experience high latency. For
example, see the study [56] on using LoRaWAN to connect
loop detectors. Given the limited update rates and the delays
that occur, it is important to understand the Aol and its
implications.

The dataset that we use was collected by the Performance
Measurement System (PeMS) of the California Department of
Transportation (Caltrans) on freeways [57]. We train spatio-
temporal product kernels on the dataset and estimate their
hyper-parameters. Road traffic data, specifically speed, was
also used in [34]. Other publicly available datasets that have
been modeled by Gaussian processes include atmospheric
carbon dioxide [53], temperature, and humidity [19].

1) Traffic Dataset: PeMS data is collected from around
40,000 detectors on freeways in major metropolitan areas in
California. The data includes estimates of detector reliability,
and we have omitted data from detectors categorized as
unreliable. The dataset we use covers S = 14 sequential traffic
detectors located along a 13-mile section of the Interstate
US101-S heading south from Cloverdale in direction Santa
Rosa. The data relates to the specified direction of travel, with
all lanes taken into account by the detectors. Fig. 7 shows the
section of the freeway, the sensors s € {1,2,...,14} and their
positions .

The data we use for training was recorded from 1 April to
14 May 2025, i.e., it comprises 44 consecutive days. The days
from 15 May onward are available for testing. We use a three-
hour time slot each day, between 20:00 and 23:00. During this
time, traffic flow is usually moderate. If the daily course of the
traffic flow is of interest, an additional sinusoidal kernel can
be added [53], [55]. However, these time scales fall outside
the scope of our investigation of Aol.

2) Data Preprocessing: In short, inductive loop detectors
recognize and count vehicles that pass over the detector,
i.e. the output data is the number of vehicles counted in
a given time interval. PeMS data from traffic detectors is
available at various levels of temporal aggregation. On short
timescales, traffic detector data fluctuates heavily, but starts to
show more structured behavior when aggregated over five to
fifteen minutes. These aggregation levels are typical for traffic
detector data [34], [59]. In our experiments, we use 15-minute
time intervals as we have found that these provide a clearer
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Fig. 8. Empirical covariance matrices and estimated kernel functions.

structure, and obtain 7' = 12 intervals per three-hour time
slot. Using S = 14 traffic detectors, this results in ST = 168
samples for each of the 44 days. We denote the samples
fi.(s,t), where s € {1,2,...,14} is the sensor index,
te€{1,2,...,12} the time index, and i € {1,2,...,44} refers
to the day. We use superscript tilde to indicate empirical data
and statistics derived from it, and subscript ‘raw’ refers to data
before preprocessing.

To bring out the structure of the data better and make it more
accessible for learning, we standardize the data by subtracting
the average value and dividing by its standard deviation.
We calculate fi(s,t) = (fi,(s,t) — fi(s,t))/5(s,t), where
i(s,t) and &(s,t) are the empirical average and standard
deviation, respectively, obtained by averaging over all days,
ie., f(s,t) = Z?il fi.(s,t)/44. The standardized data have
a mean of zero and a variance of one. A positive (negative)
value fi,(s,t) means that the number of vehicles counted
by sensor s in time-interval ¢ is larger (smaller) than the
average observed by that sensor at that time of the day. The
magnitude indicates how large the deviation from the average
is in relation to the standard deviation. Standardization is
reversible, meaning that standardized data can be transformed
back into its original form.

To illustrate the degree of similarity between the data
points Std(s, t), we present the empirical temporal and spatial
covariance matrices in Figs. 8(a) and 8(b). Since the data has
been standardized, the magnitude of the covariance is limited
to one, as seen on the diagonal. Generally, the covariance
is larger near the diagonal, and decreases with increasing
temporal or spatial distance, respectively.

Regarding the spatial covariance matrix in Fig. 8(b), a few
large, rectangular-shaped structures are apparent. These are
due to the fact that the traffic detectors are not evenly spaced
along the freeway section, see Fig. 7, and notice the influence
of the comparably large distance of the traffic detectors at
mileage 509.11 and 511.58 in Fig. 8(b).

As can be seen in Fig. 8(a), the temporal correlation
diminishes more rapidly, with a significant decrease occurring
even after one time step. This emphasizes the importance of
Aol and shows how useful fresh samples from nearby sensors
are to compensate for outdated data.

3) Fitting the Kernel: Given the empirical data, the aim is
to find a kernel model that can reflect the essential character-
istics of the data. Fitting the kernel by maximization of the
marginal likelihood is implemented in well-known software
frameworks, such as the Python packages scikit-learn [60] for
machine learning as well as GPy [61] and GPyTorch [62] for
Gaussian Processes, that offer a catalogue of kernel models.

We assume a stationary two-dimensional product kernel
to characterize the spatio-temporal road traffic dataset and
estimate the hyper-parameters from the dataset using the
GPyTorch implementation. We use multi-task learning, where
several datasets that share the same hyper-parameters are used
for training. To do this, we divided the data into 44 individual
datasets, one dataset for each day. We trained several standard
kernels and found that the spatial and temporal characteristics
of the data are best matched by a product of an exponential
and a rational quadratic kernel
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We specify distance in miles and time in seconds, i.e., the
scale parameters s and [; are defined in terms of these units.

We show the individual kernel functions in Fig. 8(c)
and 8(d). Unlike the empirical covariance, that is a matrix,
the kernels are continuous functions. The estimated hyper-
parameters are o2 = 0.988 with noise variance 0% = 0.012
and for the rational quadratic temporal kernel [, = 26.45 and
a = 0.028. The temporal kernel in Fig. 8(c) shows quite
good agreement with the empirical covariance in Fig. 8(a). The
irregularities that can be observed in the empirical covariance
matrix cannot be reproduced by a stationary kernel.

The hyper-parameter of the exponential spatial kernel is
ls = 52.24. The match of Fig. 8(d) with Fig. 8(b) is less
obvious. This is because the spatial kernel is a function of
position, whereas the covariance matrix is accessed via sensor
indices, and the traffic detectors are not spaced equidistantly.
For reference, we mark the positions of the traffic detectors
in the kernel function in Fig. 8(d). In the upper left corner,
two groups of four sensors in close proximity can be seen,
whereas the six sensors in the lower right corner are spaced
further apart. This causes the rectangular structures in the em-
pirical covariance in Fig. 8(b). As the kernels are continuous
functions, they enable the prediction of function values for
input vectors that were not previously observed and that may
even lie outside the observed range.

k(A x,x,) = o’e

VIII. EVALUATION

We present two sets of evaluation results in which the
sensors are arranged in a line topology, corresponding to the
freeway scenario described in Sec. VII. Sec. VIII-A considers
a basic wireless channel model for sensor connectivity and
Sec. VIII-B evaluates the impact of spatial sensor density using



M/M/1 queues with a sum rate constraint. Further results for
a grid topology are included in the technical report [24].

A. Traffic Detectors connected via ALOHA Channels

We assume that the loop detectors positioned along the sec-
tion of the freeway are connected via a low-power wide-area
wireless network. Relevant technologies include NB-IoT and
LoRaWAN. The connection of loop detectors via LoORaWAN
has been investigated, for example, in [56]. LoORaWAN uses a
range of spreading factors to adjust transmission robustness
according to distance. This results in payload data rates
ranging from several kbps down to 0.25 kbps over a distance
of up to 10 miles. Including time overhead for transmission
of preamble, physical layer header, and cyclic redundancy
check, even small messages of a couple of bytes can have
transmission times of up to one second or more. Channel
access is performed using a basic ALOHA access scheme. To
ensure fair use, the LoRaWAN alliance recommends to limit
the senders’ duty cycle to at most 1%. Furthermore, reducing
the duty cycle decreases the sensors’ energy consumption.

1) 2D-Aol Analysis: To facilitate the assessment, we adopt
a basic slotted ALOHA channel access model and a generate-
at-will sampling policy. Each time a sensor accesses the
channel, it takes a fresh sample and transmits it as a packet.
The transmission time of a packet is set to one second, and this
is also the unit of one time slot. Sensors access the channel
at random at a mean rate of A, where A\ = 1/300 seconds 1!,
for example, corresponds to an average of one update message
every five minutes and a duty cycle of 0.33%. The transmission
is subject to errors and possibly packet collisions, resulting
in an error probability of pe.. Consequently, (1 — pey) is
the probability of a successful transmission, and we denote
the mean rate of successful transmissions of a sensor as
¢ = A(1 = perr). The probability that the Aol of the sensor
is larger than a threshold y equals the probability that there
was no successful transmission of that sensor during the past
y time slots (otherwise the Aol would be less than or at most
equal to y), resulting in the CCDF

PIA > y] = (1—q)¥, (1)

for y > 0. By rounding y down to the nearest integer, time is
discretized and the transmission time of one time slot is taken
into account.

The 2D-Aol is obtained by substitution of (31) into (30) for
a product kernel, which is composed of a rational quadratic
temporal kernel and an exponential spatial kernel. We use the
hyper-parameters that we obtained when training the kernels
with the Caltrans PeMS data, see Figs. 8(c) and 8(d). We
assume that sensors are connected via statistically independent
channels and obtain the minimal 2D-Aol by insertion of (30)
into (6) and then (8) for the expected value.

We present numerical results in Fig. 9. Fig. 9(a) compares
the Aol of sensor 7 at postmile 508.41 with the 2D-Aol for that
position. Compared to the Aol, the 2D-Aol uses samples from
all sensors. The impact of the rate of successful transmissions
q is evaluated. As ¢ approaches one, there is always a fresh
sample available from sensor 7, and data from more distant
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Fig. 9. Aol and 2D-Aol for sensors connected via slotted ALOHA channels,
where ¢ is the rate of successful transmissions. The sensors are placed
along the freeway as displayed in Fig. 7. The learned spatio-temporal kernel
functions shown in Figs. 8(c) and 8(d) are used.

sensors cannot offer any additional benefit. Consequently, Aol
and 2D-Aol coincide in this case. Since (31) is geometric with
parameter ¢, the Aol increases with 1/q as g decreases. As
fresh samples from sensor 7 become scarcer, those from the
other sensors become more useful and the 2D-Aol shows a
significant improvement over the Aol for medium to small q.

In Fig. 9(b), we consider an update rate A = 1/300
seconds~! and an error probability pe; = 0.1 so that ¢ =
0.003 seconds~!. Fig. 9(b) shows the corresponding mean 2D-
Aol along the freeway segment displayed in Fig. 7. Note that
2D-Aol is also defined for positions between sensors and for
positions outside the sensor arrangement. The 2D-Aol shows
small dips at the sensor positions and generally lower values
at positions where sensor density is higher. Outside the sensor
arrangement, the 2D-Aol increases quickly. For comparison,
the mean Aol of any single sensor is 1/q ~ 333 seconds, and
the 2D-Aol shows the benefits of including additional sensors,
even if they are remote.

2) Prediction Evaluation: The 2D-Aol of a sensor sample
determines how useful it is for predicting the process at a
specific location. The prediction variance ® is a function of
the 2D-Aol (17), and the sample that has the minimal 2D-Aol
across all sensors is the sample that minimizes the prediction
variance (21). We first illustrate an example of the prediction
before we calculate numerical averages.

This example uses PeMS data recorded on 15 May 2025,
which was not included in training the kernel. The monitor
receives a few randomly selected samples of the data and
uses these to predict the traffic flow at sensor 14’s position at
postmile 516.71. Fig. 10 shows the traffic flow (dashed line),
the samples that are used (dot markers), the prediction mean
(solid line), and the prediction variance (colored area). The
prediction is made either using the most recent sample from
sensor 7 only (Fig. 10(a)), or the sample with the minimal
2D-Aol across all sensors (Fig. 10(b)).

The traffic data shows considerable variability over time.
This was also reflected in the covariance analysis. The pre-
diction in Fig. 10(a), which uses only samples taken at the
position of interest, achieves moderate accuracy. This is due
to the limited number of samples of sensor 14 and the charac-
teristic decay of the temporal covariance, see Fig. 8. However,
the spatial covariance between the sensors is relatively high
(although it is also affected by the decay of the temporal
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Fig. 10. Prediction of the standardized traffic flow at sensor 14’s position at
postmile 516.71. Fig. 10(a) uses only the most recent samples from sensor
14, marked by stars. Fig. 10(b) uses the sample with the minimal 2D-Aol of
all sensors. Samples from sensors other than sensor 14 are marked by dots.
Some of these samples do not contribute, as they never reach the minimal
2D-Aol, i.e., the samples of sensor 6 at time 5100 and sensor 2 at time 6300.

correlation), and the prediction that uses the samples with the
minimal 2D-Aol of all sensors performs significantly better.
Samples from remote sensors differ more or less from the
traffic flow at sensor 14’s position and some of the samples
do not contribute, as they do not reach the minimal 2D-Aol.

For Fig. 10 we used a very low sampling rate and took
only a few samples so as not to overload the visualization. We
evaluate the mean prediction variance for a (almost 40 times)
higher rate of ¢ = 0.003. If only the sample with the smallest
Aol from sensor 14 is used, the mean prediction variance at
position x4 = 516.71 is E[®;(14,14)] = 0.31. Using the
best sample, i.e., the sample that has the smallest 2D-Aol
of all sensors, reduces the variance to E[®,(14)] = 0.22.
Optionally, (13) can make a prediction using all samples
T't(s, 7) that are available at the monitor at time ¢. There is no
analytical solution for this case and we have to use simulation.
We set the time horizon of the monitor to 7' = 3600 seconds,
i.e., the monitor does not use any samples that are older
than one hour. On average, the monitor has ¢7'S = 151.2
samples available. We ran the simulation for 10° time slots
and obtained an average prediction variance E[®.(T', 14)] =
0.12. We find comparable results for other positions, e.g., at
x7 = 508.41 in the middle of the freeway segment, we obtain
E[®:(7,7)] = 0.31, E[®4(7)] = 0.19, and E[®:(T",7)] = 0.11.

The improvement achieved by the sample with the smallest
2D-Aol of all sensors compared to the sample with the
smallest Aol of the sensor at the position of interest leads
to a slight increase in complexity. Selecting the best sample
from (4) has a complexity in O(S) for S sensors, where the
2D-Aol and AeD are determined by insertion of the respective
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Fig. 11. Regular line topology. Sensors (green and white dots) are placed
at an inter-sensor distance d. A monitor predicts the process at the point of
interest (black dot) using the S sensors (green dots) that are located within a
segment of length A. The communication capacity per segment is fixed.

kernel function into (16) and (18). However, if all available
samples are used, the matrix inversion Ef_fl in (13) dominates
the complexity. The number of samples that can be used for
prediction is upper bounded by ST and the complexity is in
O((ST)?) using, e.g., Gauss-Jordan elimination.

B. Spatial Density of Sensors under a Capacity Constraint

Next, we evaluate the impact of the spatial density of
sensors on the 2D-Aol. To this end, we employ a line topology
with equidistantly spaced sensors. The communication capac-
ity is limited so that the service rate per sensor decreases
as the spatial density of sensors increases. This limits the
temporal intensity of sampling for each sensor. We evaluate
this trade-off between spatial and temporal sampling intensity
and present results that show the optimal density of sensors.
Random sensor topologies, such as the one-dimensional Pois-
son point process studied in [22], can be taken into account
by treating the AeD A,(g, s) as a random variable (due to the
random sensor positions x.).

The line topology is illustrated in Fig. 11. The sensors are
positioned at fixed intervals, separated by a distance of d. The
line is divided into segments, each of length A. Each segment
comprises S sensors, marked by green dots in Fig. 11. We
only evaluate values of S € {2,4,6,...} where the sensors
are arranged regularly along the segment with sensors at the
positions (¢ + 0.5)d for ¢ € {0,1,...,5 —1} and d = A/S.
For example, for A = 40 and S = 4 we have sensors at
positions 5, 15, 25, and 35.

The sensor nodes of a segment are connected to the monitor
via independent M/M/1 queues. Each segment has a fixed total
communication capacity u, so that the S sensors within the
segment each have a service rate of u; = 11/S. The samples of
the sensors are used to estimate a physical process at certain
points of interest. We select the center of the segment at
position A/2, marked by a black dot in Fig. 11, as the point
of interest to evaluate its 2D-Aol. The distance of the nearest
sensor to the point of interest is d/2.

In the evaluation, we set the segment length A = 40. We
use a Gaussian product kernel composed of an exponential
temporal and an exponential spatial kernel. The temporal
correlation parameter is fixed to a value of [; = 128 while we
consider different values for the spatial correlation parameter
ls € {8,16,32,64,128,00}. The range of I; under consider-
ation extends from one-fifth to approximately three times the
segment length A. The variance of the process is set to o2 = 1.
The sampling rate of each sensor equals the arrival rate to the
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Fig. 12. Monitoring of a spatio-temporal Gaussian process with exponential product kernel, temporal correlation parameter [; = 128 and different spatial
correlation parameters [s. The sensors are placed at an inter-sensor distance of d along a segment of length A = 40. The sensors are connected to the monitor

via independent M/M/1 queues with a total service rate of u.

queue \;, where \; = pp; and we set the utilization p = 0.53.
We consider distance values in the range of d € (0,10] and
per segment capacity values p € {1,4,16}. Numerical results
are provided by substituting (9) for the M/M/1 queue into (24)
for the exponential kernel. The expected value is obtained by
integration of the tail (8). The results are shown in Fig. 12.

In all cases in Fig. 12, a significant influence of the sensor
distance d on the expected 2D-Aol E[A®] can be seen, which
has a characteristic u-shape. The 2D-Aol is composed of Aol
and AeD, and the u-shape of the 2D-Aol is a consequence of
the fact that the Aol is a decreasing and the AeD an increasing
function of d. If d is small, the spatial density of sensors is
high and there are sensors in the vicinity of the point of interest
that have a small AeD. However, since the sensors continue
to cover the entire segment length A, not all of them are close
to the point of interest. Due to the high density of sensors, the
service rate per sensor is low, as is the sampling rate. As can
be seen from (9), a small u; as well as a small \; result in a
considerable increase of the Aol. In comparison, the AeD of
nearby sensors is insignificant so that the Aol dominates the
2D-Aol for small d.

In contrast, when d is large, the spatial density of sensors
is low, yet the sampling intensity is high, as more capacity is
available to each sensor. As a result, the impact of the Aol
decreases significantly, while the AeD becomes considerable
and dominates the 2D-Aol. For the exponential kernel, the
AeD is obtained from (23) as A = |z. — x4|(l¢/l;). For
the sensors in closest proximity to the point of interest
A = (d/2)(l;/1s). At an inter-sensor distance d = 10, the
Aol is small and the 2D-Aol curves are dominated by the
AeD of the closest sensors that is A = 5(1; /), respectively,
40 for l; = 16. Due to their larger AeD (by a factor of 3
or more), the more distant sensors cannot make a noticeable
contribution in this case. The convergence towards the AeD
is faster when p is larger, see Fig. 12(c), but it is also clearly
visible in Figs. 12(b) and 12(a), where w is smaller. For small
1 the influence of the Aol remains, however, more noticeable.

Between the two extremes of very small and very large
sensor distances, the ratio of Aol and AeD of sensors that are
close to the point of interest is more balanced and we can
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Fig. 13. Comparison of the expected 2D-Aol of M/M/1, M/M/1/1, and
M/M/1* queues. The service rate is ¢ = 1 as in Fig. 12(a), the spatial
correlation parameter [ = 128 and the inter-sensor distance d € {0.1, 10}.
The impact of the utilization p is evaluated.

determine a sensor distance d that minimizes the mean 2D-
Aol for the given parameters (except for the special case [, —
o0, in which the spatial distance is irrelevant). In a concrete
example for 4 = 4 and Iy = 16 in Fig. 12(b), the minimal
expected 2D-Aol of 18.80 is found at a sensor distance of
d = 2.22 corresponding to S = 18 sensors. Here, the AeD is
8.88 for the closest sensors.

A range of other queueing models are also possible, only
the CCDF of the Aol of the chosen model is required.
In Fig. 13 we compare the 2D-Aol of the line topology
for M/M/1, M/M/1/1, and M/M/1* queues as introduced in
Sec. IV. The parameters are ¢ = 1 as in Fig. 12(a), [, = 128,
and d € {0.1,10}. Different from Fig. 12, we vary the
sampling rate to evaluate the impact of the utilization p. In
Fig. 12, we generally used p = 0.53 that is close to optimal
for the case of M/M/1 queues. For M/M/1/1 and M/M/1*
queues with loss and preemption, respectively, increasing the
sampling rate improves the Aol even for p > 1, see Fig. 13.
While Fig. 13 shows results for a small and a large sensor
distance d € {0.1,10}, we also evaluated the effect of d for
different p in detail. We refrain from presenting the results
because, although the M/M/1/1 and M/M/1* queues show an
improvement in the 2D-Aol, the shape of the curves is largely
the same as that for M/M/1 queues in Fig. 12.
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Fig. 14. Sensor distance dop that minimizes the mean 2D-Aol for p €
{1,4,16}, Iy = 128 and different .

We show the sensor distance dop; that minimizes the 2D-
Aol of the M/M/1 queue in Fig. 14. It is evident that an
increase of the overall capacity p allows for greater spatial
and temporal sampling intensity, which improves the 2D-Aol.
As p increases, the sensor distance that achieves the minimal
2D-Aol decreases. In addition, higher spatial correlation helps
to improve the 2D-Aol, as samples from distant sensors still
provide useful information. In this case it is beneficial to
increase the intensity of temporal sampling at the expense of
the spatial density. Consequently, the optimal sensor distance
increases with ;.

In the limit [ — oo the sensor distance is completely
insignificant as the AeD is always zero regardless of d. In
this case the S sensors can be viewed as one sensor that
transmits samples via .S parallel queues. The Aol of parallel
systems was analyzed in [6], [52]. In brief, a main finding
of [52] is that adding a second parallel M/M/1 queue with
the same service rate reduces the mean Aol by a factor of
approximately 5/8. On the other hand, doubling the service
rate of an M/M/1 queue reduces the mean Aol by half. In
all cases, the utilization p that minimizes the Aol is chosen
and the sum of the individual arrival rates \; + Ay of the
parallel system matches the arrival rate A of the single system.
While the mean update rate of both systems is the same,
the single system with pooled capacity offers shorter service
times. This becomes most obvious when considering an arrival
at an empty system. In the case of a parallel system, this
arrival has to be assigned to one queue, leaving the other
queue idle. As a consequence, it is more effective to pool
the capacity in a single server than to split it among parallel
servers. This explains why the 2D-Aol for [, — oo decreases
as the number of sensors S decreases, respectively, as the inter-
sensor distance d increases, see Fig. 12.

IX. CONCLUSIONS

This work presented a model of Aol for two-dimensional
processes. The physical phenomenon can be a spatio-temporal
process observed by distributed sensors. By employing a Gaus-
sian process model we have shown how the spatial distance
between sensors can be transformed into an Age-equivalent
Distance (AeD). The AeD can be a constant offset that does
not change over time, depending on the covariance kernel, or

it can diminish as time progresses. This means that a sample
from a distant sensor becomes increasingly valuable when the

Aol of a nearby sensor is high. By transforming distance into
the domain of Aol, one can leverage a variety of established
results for Aol and Aol of parallel systems. We presented eval-
uation results for different models of communications links,
different network topologies, and different kernel functions.
These make it possible to optimize sensor density, to decide
on the necessity for additional sensors, and to configure the
network capacity to ensure that desired performance criteria
are met. The 2D-Aol model can be instantiated in different
ways extending the utility of the established theory to a range
of potential applications.
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