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Indistinguishability of identical particles is a resource for quantum information processing and has been
utilized to generate entanglement from independent particles that spatially overlap only at the detection
stage. Here, we introduce a controllable scheme capable of generating via three steps, i.e., initialization,
deformation, and postselection, different classes of multipartite entangled states starting from a product
state of N spatially distinguishable identical qubits. While our scheme is generalizable to any class of
entangled bosonic and fermionic systems, we provide an explicit recipe for the generation of W, Dicke,
GHZ, and cluster states, which are resource states for quantum information processing. Using graph-
based representations within the framework of spatially localized operations and classical communication
(sLOCC), we mathematically demonstrate a direct translation of the generation schemes of specific entan-
gled states into colored, complex, and weighted digraphs, each corresponding to a given experimental
setup. We also show that this graph-theoretical approach allows for the optimization of the generation effi-
ciency of specific multipartite entangled states by exploring a variety of generation schemes. The presented
theoretical approach, while already implementable with current linear optics architectures, has the poten-
tial to bring clear advantages over existing technologies, such as in quantum computing search algorithms

and in the design of new experiments in quantum optics or other platforms.
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I. INTRODUCTION

The outperformance of quantum technologies compared
with classical ones resides in exploiting quantum effects,
such as entanglement, for various applications, including
computing [1-3], secure communication [4,5], and sens-
ing [6]. In addition, the indistinguishability associated with
systems of identical quantum entities (e.g., photons, elec-
trons, and atoms of the same species) is a unique notion in
quantum mechanics. Particles are named indistinguishable
when their wave functions become spatially overlapped
and their global state does not allow to address them
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individually [7]. Consequently, these particles behave dif-
ferently and combine together to form compound struc-
tures of matter and light, in which the states of identical
bosons (fermions) are symmetric (antisymmetric) under
the exchange of any pair of particles [7]. This intrinsic
property is responsible for distinct phenomena such as
electron orbital occupation [8] and photon bunching [9].

Beyond the fundamental aspects, indistinguishability
can be a key resource for quantum-enhanced applications.
For instance, spatially localized operations and classi-
cal communication (SLOCC) [10] have been proposed
to exploit indistinguishability for tasks such as quan-
tum teleportation [10,11], quantum metrology [12,13], and
communication in multimode photonic quantum networks
[14-16]. Also, indistinguishability offers a shield to pro-
tect quantumness against various noise sources [17-25].
An elementary entangling gate can be achieved by spa-
tially overlapping two independent particles with opposite
pseudospins that meet only at the detectors, as proven
both theoretically [10] and experimentally [11,26]. How-
ever, these generation schemes have been so far limited to
bipartite [10,11,26] and tripartite cases [27].

Published by the American Physical Society
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Unlike bipartite systems, multipartite entangled systems
exhibit much more complex correlation structures [28,29].
Different inequivalent entanglement classes emerge in the
multipartite setting, and they never convert to each other
under stochastic local operations and classical communi-
cation [30]. Each multipartite entangled class has unique
features and finds applications to specific quantum infor-
mation tasks. For example, Greenberger-Horne-Zeilinger
(GHZ) states [31] are used for ballistic quantum computing
[31,32] and quantum metrology [33], while cluster states
are building blocks for various universal measurement-
based quantum computers [34—36]. W and Dicke states
stand out because their entanglement is robust to particle
loss [37,38] and have applications in quantum commu-
nication, such as secret sharing [39—41] and quantum
teleportation [42]. Several platforms have been proposed
to generate multipartite entangled states, such as supercon-
ducting qubits [43—46], trapped ions [47—54], nuclear spins
[55], and photonic qubits with both probabilistic [46,56]
and deterministic sources [57—62].

Multipartite entangled states can be generated using
both deterministic and probabilistic schemes. Deter-
ministic schemes involve either global N-qubit [63]
or N(N —1)/2 pairwise [64] entangling gates. These
schemes require precise interactions between qubits, mak-
ing them unsuitable for photons, due to their weak inter-
action. In contrast, postselective schemes, which rely on
coherent transformations and postselection measurements
[65,66], are more suitable for photonic and, more in gen-
eral, remote (i.e., noninteractive) systems. Various proba-
bilistic methods, each with different success probabilities,
have been developed to generate multipartite entangled
states. For example, multiple Bell pairs can be entan-
gled to generate different classes of multipartite entangled
states via exploiting indistinguishability of identical qubits,
including GHZ states [65,67]. Additionally, it has been
shown that the indistinguishability of identical particles,
whether through spatial overlap [27,66,68] or photonic
path identity [69,70] formalisms, is a genuine quantum
resource for generating a wide class of multipartite entan-
gled states. Unlike photonic path identity, which relies on
direct interaction (or interference) of photons at a single
beam splitter and nonlinear medium [70], the spatial indis-
tinguishability approach involves independent bosonic or
fermionic qubits meeting (spatially overlapping) only at
the detection regions [10,11,71].

In this work, we go beyond the case-specific designs
and provide a comprehensive theoretical method that
exploits the indistinguishability of identical qubits to gen-
erate different classes of multipartite entangled states,
including W, Dicke, GHZ, and cluster states. It has been
shown that a graph-based representation of quantum opti-
cal experiments [68,72—77] can be introduced and uti-
lized algorithmically to facilitate the generation scheme of
multipartite entangled states. A graph-theoretic approach

has been used to represent the process of postselective
generation of multipartite entangled states, exploiting pho-
tons’ indistinguishability [68,69]. Leveraging this connec-
tion, we establish a direct mathematical correspondence
between the general generation recipe in the no-label
approach and a digraph (bigraph) adjacency matrix in
the graph formalism for both bosonic and fermionic par-
ticles’ statistics. This work enables the formulation of
the sSLOCC framework [10] in the graph-based approach,
where spatial overlaps appear as adjacency matrix ele-
ments of the digraph (bigraph), to exploit the resource
of indistinguishability for the generation of multipartite
entanglement. This approach opens a clearer perspec-
tive on automated machine-learning assisted designs [78]
for generation schemes of arbitrary multipartite entan-
gled states. These schemes can be applied to various
experimental platforms, such as photonic and supercon-
ducting setups, towards the optimized use of the quantum
resources, including particle statistics imprints.

I1. INDISTINGUISHABILITY-BASED
ENTANGLING GATE

The indistinguishability of identical qubits provides a
fundamental quantum resource that can be utilized within
the sSLOCC framework to generate entanglement in a con-
ditional fashion. In general, such a probabilistic generation
scheme comprises three steps: (i) the state initialization
of N independent identical qubits; (ii) a general form of
deformation that controllably distributes N qubits into N
separated operational regions; (iii) a postselection process
that detects one particle per region to activate the desired
quantum state.

Step I: Initialization. The protocol starts with
a N-particle pure product state |¢|) ® - Q |on) =
l@1, ..., @N), characterized by a complete set of commut-
ing observables of the single-qubit state |¢;). Also, each
single-qubit state |¢;) = |Y;, 0;) comprises the particle’s
degrees of freedom, that is, a spatial wave function |;) and
a pseudospin |o;) = {1, }}. This means that the protocol
needs N single identical qubits on demand.

Step II: Deformation. Deformations play a crucial role
in generating entanglement through coherent manipulation
of spatially separated particles and making them spa-
tially indistinguishable [10,11]. These deformations can
be applied to both pure and mixed quantum states. Here,
we are interested in the case of composite systems in
pure states. One can apply a deformation on N identical
qubits in both on-site and remote designs, as illustrated in
Fig. 1(a) and 1(b).

In the on-site design, as shown in Fig. 1(a), the N-
particle state evolves using a single unitary deforma-
tion operator Dy. We assume that each particle is sent
through one of the input modes, denoted as |x;) = |g;),
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FIG. 1. [Tllustration of the deformation in both on-site and remote schemes. (a) Illustration of an on-site designed N-mode deforma-
tion, denoted as Dy, where N identical qubits, each possessing an internal degree of freedom o; = {1, |}, pass through N modes of
this deformation. At the end, the qubits arrive in N detection regions Ry, ..., Ry, for sLOCC projection measurement to generate the
output state. The inset illustrates the potential for implementing any N-mode deformation by combining D, operators. (b) Illustration

(@)

of remote deformation design using N deformations D’ (i = 1,...,N) that send N qubits into N individual regions for postselection,

generating the output state.

as illustrated in Fig. 1(a). Adopting the no-label for-
malism for identical particles [79—81], the action of the
on-site deformation on the N-particle state can be writ-

ten as DN @1, 0oN) = |@1D, - - -, PND) = |\I/gv)), where
|gip) and |lllgv ) represent the single-qubit and N-qubit
deformed states, respectively. The single-qubit deformed
states |p;p) can be given as |@;p) = Zj rii |R;0;), where
r;; are meant as the probability amplitudes that the qubit
originally coming from the state |¢;) ends up in the spa-
tial mode [R;). Notice that, since particles spatially over-
lap at the detection regions, the global deformed state is
not generally factorizable in terms of single-qubit states
|\I!L()N)) # lpip) ® - - - ® |onp) meaning that the state vec-
tor is a whole entity [81]. In passive deformation, which we
name spatial deformation, N identical qubits are spatially
distributed in N regions, and their pseudospin remains
untouched. Differently, in active deformation, qubits are
not only spatially distributed in NV distinct regions, but their
pseudospins are also controllably altered. As sketched in
Fig. 1(a), any N-mode unitary transformation Dy can be
constructed using a sequence of two-mode unitary opera-
tors D, [82]. For example, one can observe the effect of a
two-mode spatial deformation in an optical setup using a
beam splitter.

In the remote deformation design of Fig. 1(b), there are
N deformations lA)Z(\’}) (i=1,...,N) that are independently
applied to each qubit originally in the state |¢;). Prac-
tically, each deformation acts on an N-mode input state
consisting of N — 1 vacuum mode |vac) and a single-qubit
state |g;), that is DV |xi) = DY |g;, vac,. .., vac) :=

DY) 1gi) = l@ip), where |@ip) = /L, i |R0y) is the
single-qubit deformed state with different spatial modes
R;’). The overall unitary N-mode deformations are

now written as 251(\,]\7 ) :D](\}) ® ~-®D](\§v). Its action
on the initial pure product state of N identical
qubits is 75](\,]\]) 01,02, ...,0N) = |b,(\})<p1, . ,lA),(\j,V)qu) =
oD, ... OND) = |\I!L()N)). Note that each deformation ZA)Z(\?
is a unitary operation, as any two single-qubit deformed
states (for example, states |¢;) and |g;)) are orthogonal.
However, since the measurement is performed in the same
spatial region, it cannot resolve different spatial modes
when qubits reach one detector in the same region, as illus-
trated in Fig. 1(b). This is why, for simplicity, we will
write R; instead of RJ(-') in the deformed states to clarify
that identical qubits will be detected in the same spatial
regions. As a result of the detection process in the remote
design, the N-qubit deformed state becomes unnormal-
ized, and we need to renormalize the state as |\IJI()N )) —
(1/4/v) |\I/L()N )), where the normalization factor, given as
v = {@iD,....onD|@1D, - . ., @np)|%, takes into account the
spatial overlap between single-qubit states [81].

As a result of this deformation, in both on-site and
remote designs, identical qubits are distributed over N sep-
arated measurement regions in a global deformed state
|‘-IJ(N)).

D

Step III: Activation. As illustrated in Fig. 1, after
the qubits have been distributed by the deformation, the
sLOCC measurement process is applied to activate the
desired N-qubit state. The measurement can be realized via
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single-qubit counting, which is insensitive to the internal
degrees of freedom, i.e., the pseudospin.

Thus, the desired N-qubit state is activated through the
sLOCC projection [18], which simultaneously performs
single-qubit counting in the N remote spatial regions. This
projection is given by the operator

n" = Z IRio®,... . Ryoy)

x (Rio®, ..., Rya ], (1)

where the index & := {O’l(k),.. o,f,k) ;

—T J} runs
over all the 2" pseudospin combinations. Necessarlly, the
measurement device cannot access the other degrees of
freedom (e.g., pseudospin), so the particles are indistin-
guishable to the eyes of the SLOCC projection. The action
of projector IT™ on the N-qubit deformed state |¥2")

gives the final state

v = voy), (@)

where N, is a normalization constant. The probability
amplitudes Sy = >, n”(¢1p |Rp10,§]f)) ... {onp |RPN0}(,N))
are the inner products between N-qubit states, defined in
Ref. [18], where P = {Py, ..., Py} runs over all the single-
qubit state permutations. The statistics factor is n = £1 for
bosons and fermions, respectively: so, n” is 1 in the case
of bosons and 1 (—1) for even (odd) permutations in the
case of fermions.

Due to the postselection, the target state |V} is con-
ditionally activated with a success (sSLOCC) probability
P (1w™)) = Tr <ﬁ<N> i) <ng>|). We highlight that
the sSLOCC probability, as a witness, can detect the exis-
tence of a spatial overlap between the qubits in the state
when the condition of the sSLOCC probability, P # 1, is
met, i.e., the qubits are spatially overlapping in N spa-
tial regions. Depending on how the deformation distributes
the qubits, the produced target state |[¥™)) can assume
different entanglement structures, as we shall see in the
following section.

ITII. GRAPH PICTURE OF THE MULTIPARTITE
ENTANGLING GATE

It has been shown that graph theory representations
offer a powerful interface for developing computer-
designed quantum optics experiments, which can be
applied to specific quantum information processing tasks
[76,77,83]. We now provide a graph-theoretical depiction
by directly translating the three steps of the mentioned
indistinguishability-based entangling gate (initialization,
deformation, and activation) into a weighted bipartite

graph. A (bipartite) bigraph G consists of vertices from
two disjoint sets, /" and U, where each edge e; € E con-
nects a node #; € U and a node v; € V' with a complex
weight 7;; [84]. In our context, each disjoint set of (quan-
tum) nodes consists of NV single-qubit state vectors, given
as V={lg1),....len)} and U= {lx1),...,[xn)}. Those
single-qubit states belonging to set V (|g;) € V) consist of
a wave function and an initial pseudospin, that is, |¢;) =
[;7;). Instead, the single-qubit states of the set U (| x;) €
U) are related to a detection region R; where the qubit with
original state |¢;) can be found w1th any pseudospin state,
thatis |x;) = [R;0;) (o7 =71, 1).

To establish the connectivity of the bigraph, a defor-
mation is performed, as detailed in the previous section.
This deformation, acting on a node |¢;), establishes con-
nections from the node |¢;) in set V' to all possible nodes
in set U through a designated probability amplitude 7y,
as it appears in the deformed single-qubit state |p;p) =
ZJNZ | ij IR;0;). This scenario is equivalent to the possible
detection of a single qubit in all various regions originating
from the state |¢;). Consequently, each edge in the bigraph
G}, corresponds to the situation where a qubit is detected in
the state | x;), which originates from the state |¢;).

A balanced bigraph can be decomposed as G, = G U

-+ U Gpy into perfect matching sub-bigraph graphs Gy,
where each pair of nodes of two sets (i.e., U and V) belongs
to precisely one of the edges [85—87]. In this picture, per-
forming the projective measurement of Eq. (1), which aims
to find one qubit per region, resembles the well-known
problem of finding all perfect matching subgraphs [85].
Also, we can associate a weighted adjacency matrix, Ay;,
to each of these subgraphs, which can be written in the
form of a block matrix as

0o R
A P = ( Ulww”N) . (3)
u AR 0

Here, the entry Ro, . oy
weight matrix, with R[

represents the (nonzero block)
. denoting its matrix trans-
ck indi-
cates edges between two sets of nodes, namely U and
V, with matrix elements R, ., ={{xileip)} G,j =
1,2,...,N). A zero matrix block element indicates the
absence of an edge between nodes of each set. Using
weight matrices corresponding to each of the perfect
matches, we ultimately obtain the generated state

o™y — \/_V |R(,1 ,,,,, “N|n
& op,non={14)
X [Rio1,R209,...,Ryoy), 4)

where N, is the normalization constant and the sum
runs over all the 2V pseudospin conﬁgurations Hence,

.....
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weight matrix of each perfect match, taking into account
the particle statistics 7. Based on the Laplace approach of
matrix determinant [88], we can define the determinant-
like function as |7€(71 UN| Z]\i 05 ry My, where

,,,,,

{M;; } are the elements of the minors of the matrix Ry, .. sy -
As a matter of fact, the factor |T\’,(,] ,,,,, UN| represents the
inner products between the deformed state and the various
states of the SLOCC projection measurement [1Y) of Eq.
(1), as obtained previously. The output state of Eq. (4) in
this graph picture is thus exactly equivalent to the target
state of Eq. (2) obtained after the action of the projection
nw.

Also, one can show a one-to-one correspondence
between a balanced bigraph and a directed graph (digraph)
[85-87]. In this representation, the set of nodes U =
{uy,...,u,} is a binary relation between the single-qubit
state and the measurement region u; = (|¢;), |x;)). This
means that the detection of a qubit with |g;) in the region
|x;) corresponds to a directed edge from node u; to u;
with weight ;. In the case where i = j, it indicates a self-
loop. Looking at it from another angle, the spatial overlap
between single-qubit states in a specific region determines
the connectivity of the graph. An important fact is that
qubit spatially overlaps if and only if one vertex of the
corresponding digraph has more than one edge.

A. Graph picture of bipartite entanglement generation

As a starting point for our work, we review the bipartite
entanglement generation scheme, which has been theo-
retically and experimentally demonstrated in Ref. [10,
11], from a graph-theoretical perspective. Let us take
two qubits with opposite pseudospins in a spatially sep-
arated configuration, represented by the state |Wy) =
lo1) ® l@2) = |¥1 1) ® [y |). This initial state estab-
lishes the first set of nodes, V = {|¥ 1), |¥2 {)}. Two
detection regions instead result in the second set of nodes,
namely U = {|x1),[x2)}, where |x;) = |R; 0;) (j = 1,2).
As described above, a deformation is applied to the ini-
tial states of the two qubits, distributing them into the
separated measurement regions R;, R,. In the remote
design, the overall two-mode deformation is given by
lp1p) = D5 1Y 1) = rin [Ri 1) +r12 [Ry 1) and |gap) =
D [W2 L) =r [Ri L) + 722 |Ry |). An  experimental
realization of such spatial deformation has been achieved
using two independent beam splitters, which distribute
two photons to separate regions R; and R, without alter-
ing their polarization [11]. After performing the SLOCC
measurement with r; =1 /ﬁ, the desired Bell state,
denoted as [W®) = (IR 1, Ry |) +n[Ri L, Ry 1) /V/2,
which exhibits maximal entanglement for both fermionic
and bosonic statistics, is generated. Furthermore, this state
can also be generated using an on-site scheme with a
single spatial deformation. In this approach, two qubits

with opposite pseudospins pass through each mode of
the deformation with different coefficients r; that should
satisfy the unitarity constraint of the spatial deformation.
The graph representation in Fig. 2(a) illustrates the out-
come of the three-step generation scheme. Here, the two
sets are connected and form a bigraph, where the edge
colors denote the different pseudospins of the two qubits.
In the two-qubit scenario shown in Fig. 2(b), there are
two perfect matching subgraphs. The first perfect match-
ing subgraph involves the qubit with an up pseudospin
|[Y1 1) detected in region one |R; 1) and the one with a
down pseudospin [y, |) detected in region two |R; | ).
The second matching involves the opposite, with the qubit
having a down pseudospin |y, |) detected in region one
|R; {) and the one with an up pseudospin |y; 1) detected
in region two |R, 1) [Fig. 2(c)]. For each of these perfect
matches, we can define the weight matrix adjacency as

Reoyop = <((X1| ©1D)

(x11 ¢2p)
x2loip)) ) ’ )

{(x2| ¥2p)

indicating the connectivity of the perfect match in the sub-
graphs. Finally, we get the output state that is in the super-
position of the two mentioned perfect matching, given
by

|\IJ(2)> |R(71,(72|n |R101:R202> > (6)

=
\/N>g0102 {14}

where the determinantlike operation }Rgl 2 | (x1l ¢1p)
(x2l@2p) + 1 (X1l ¢2p) (X2l ¢1p)) is prec1se1y the result
that has been identified in Ref. [79] as the inner prod-
uct between states of two identical qubit (two-qubit
probability amplitude). One can easily see that the
expansion of the above expression is equal to |W®) =
(riurn IRy 1, Ry L) + nrari2 Ry 4, R2 1) / /Ny where
Ng = |r11722]* + |r21712]%. It can be observed that the Bell
state can be generated with r; =1/ V2 choices and the
sLOCC probability P (|@®)) = 1/2 sLOCC probability.
Also, we illustrate the colored digraph of detecting two
qubits in two regions in Fig. 2(d), where red and blue edges
represent the up and down pseudospins, respectively. In
Appendix A, we demonstrate the generation of another
type of Bell state, namely |®{) = SR 1Ry 1) +
Ry {,R> |)). This is accomplished using a general form of
deformation that not only alters the spatial wave functions
but also modifies the internal degrees of freedom.

IV. MULTIPARTITE ENTANGLEMENT
GENERATION SCHEMES

In what follows, we provide indistinguishability-based
generation schemes for genuine multipartite entangled
states using a graph-theoretical representation approach.
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FIG. 2. Graph representations of entangling protocol in the
case of two particles. (a) Bigraph with G, = (VU U, E), where

V=AY 1).1¥ {)}and U= {lIx1),|x2)}, edge e; € E connects
anode »; € U and a node v; € V with complex weight r;;. Pan-
els (b),(c) display perfect matching subgraphs that correspond to
states |R; 1,R> |) and |R; |,Ry 1). (d) Colored digraphs (and
their self-loops) with nodes U = {u;, u,}, where each node is a
binary relation between the single-qubit state and the measure-
ment region u; = (|¢;), | x;)). Blue and red correspond to down
and up pseudospins, respectively.

The multipartite states of interest are ¥, Dicke, GHZ, and
cluster states.

A. W state

We consider a W state to be the first type of genuine
multipartite entangled state. The W state is an equal com-
bination of all potential pure states, where only one of the
qubits has pseudospin 1 while the remaining qubits have
pseudospins |. We assume that each identical qubit will
ultimately occupy distinct spatial regions. Therefore, an
N-qubit W state of identical qubits has the form

1
WMy = — (IR 1Ry |, ...

R
75 Ry {)
FIRy Ry 1. Ry )
4+ + IR ,R,...,Rv 1)) (7

To generate an N-qubit W state, we start with the pure
product state of N qubits as |Wy) = [ 1) @ |¥s ) ®

-® ¥ |), where N — 1 qubits have pseudospin down
(J) and one qubit has pseudospin up (1). The next step
involves designing the deformation, either in remote or
on-site schemes, as illustrated in Fig. 1.

As a first remote design, we consider a defor-
mation operation that equally distributes each qubit
among N regions, expressed as lA)](\l,) |07y = |eip) =
1/v/N ZJM: | IR;jo;). Subsequently, via the projection [T%)
[Eq. (1)], the W state [Eq. (7)] is generated. Such a gener-
ation scheme can be interpreted using a complete digraph
(digraph) with equal weight, denoted as G¢ (where C rep-
resents the complete digraph). In a complete digraph, each

(@
u
u u
FIG. 3. Digraph representations of four-particle W state gen-

eration. The digraph illustrates four quantum nodes u; (j =
1,...,4), representing a binary state and measurement region.
Red (blue) edges indicate the detection of a qubit with an up
(down) pseudospin. The presence of n on red edges denotes a 7
phase shift between connected nodes for fermions. (a) The com-
plete digraph illustrates mutually oriented edges between every
pair of nodes, each with equal weighting. (b) The star graph
displays mutually oriented edges only between the center node
and the other nodes. (c) The QFT digraph exhibits mutually ori-
ented edges between each pair with a specific weighting as wjy
(a)N — eZin/N)'

pair of graph vertices is connected by a pair of edges with
nonzero weights (one in each direction), as illustrated in
Fig. 3(a) for four qubits. The perfect matching can be
found using Eq. (4), where the W state [Eq. (7)] is a super-
position of these perfect matchings (see Appendix B for
more details on three- and four-qubit states). The complete
digraph with equal weight designed to generate the bosonic
W state [Eq. (7)] has the success (sSLOCC) probability
given by

(N =D

Pe (W) = oy

®)

However, generating the fermionic W state with the com-
plete digraph G is impossible due to the zero sLOCC
probability, Pc (|W™))) = 0. This zero probability can
be attributed to the Pauli exclusion principle [8], which
prohibits two fermions with the same pseudospin from
occupying the same spatial wave function. Therefore, an
alternative deformation scheme is needed to generate the
fermionic W state.

A possible remote approach to generating the W state
involves employing the generation scheme based on the
star digraph Ggs. In this configuration, as illustrated in
Fig. 3(b) for four nodes, a qubit with the opposite pseu-
dospin (i.e., up) resides in the center and spatially overlaps
with all other qubits, while the remaining qubits with a
down pseudospin only spatially overlap with the central
one. To construct such a generation scheme, spatial defor-
mation operations are defined as 15](\}) Y1 ) = |loip) =

/W) (IR 1)+ 0 25 1R; 1)) and DY 195 4) = lg)

= (1/V2)(IRi 1) + |R; 1)), for i=2,...,N, where n =
+1. It is worth mentioning that the generation of the W
state depends not only on the form of deformation but also
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on particle statistics. When designing a generation scheme,
one must consider the particle exchange phase e (¢ = 0
for bosons and ¢ = 7 for fermions) that emerges when two
single-qubit states are swapped [7]. Finally, after apply-
ing a projection measurement, we can generate the W state
for both bosonic and fermionic statistics. Interestingly, the
sLOCC probability for fermions is given by

Pstar (l W(N)>) = l, (9)
N
which is significantly enhanced compared to the sSLOCC
probability in the complete digraph case for bosons.
Furthermore, one can employ on-site deformation,
where each identical qubit is sent through one of the input
modes, as illustrated in Fig. 1(a). In this scenario, the ini-
tial state undergoes a spatial quantum Fourier transform
(QFT) [89]. For each initial single-qubit state [;0), we
can express the QFT using the following map:

N
1 (k=1
Yj0) > ——= > oy IRio) (10)
J \/N kXZI: N

where wy = e*™/V is the relative phase. Here, the QFT
deformation does not alter the pseudospin o. This defor-
mation represents a special form of a complete graph with
specific complex weight—a relative phase wy introduced
by the QFT—as illustrated in Fig. 3(c) for four qubits.
Finally, the W state can be generated for both fermions
and bosons (only in the case of an odd number of qubits
for bosons; see Appendix B) using such QFT-based on-
site design. The sSLOCC probability in the generation of
the W state with fermions using the QFT-based digraph
representation is given by

Porr (1)) = ., (an
N

which is equivalent to the sSLOCC probability of W state
generation using the star digraph representation in the
remote design. It is worth mentioning that the star digraph
representation for W-state generation, as illustrated in
Fig. 3, has been demonstrated in Ref. [68] via an optical
linear on-site design. On-site design is based on the linear
transformation of creation (annihilation) operators in the
second quantization formalism.

To recap, we compare different possible schemes in
terms of SLOCC probability to assess the generation
scheme efficiency. We plot the SLOCC probability for
generating an N-qubit W state as a function of the num-
ber of qubits N in Fig. 4(a) using complete, star, and
QFT digraphs with both particle statistics. As depicted in
Fig. 4(a), fermions exhibit better performance in both on-
site and remote schemes. This advantage can be attributed
to the Pauli exclusion principle, which prohibits fermions

(a) 0338 - — b))
: ‘\‘ -o GZ)FT -Gl
\“a - Gl -~ Gy
= 022 NG
= 02 .. B
B \‘s\_\m = 0.75
\ ‘~~Q___~
& o011 a\:‘ < 0.67 [~
0.05F + N =4
0 e e 05
345 6 7 8 9 0 0.1 0.3 0.5
N Prax (W)

FIG. 4. Success probability and fidelity of generating W states
with different schemes and particle statistics. (a) Success prob-
ability P(|W™)) as a function of the number of particles N
for different W state generation schemes, including the com-
plete digraph for bosons (green star), the star digraph for bosons
(red asterisk), the QFT digraph for bosons (blue circle), the star
digraph for fermions (black circle), and the QFT digraph for
fermions (red square). (b) Fidelity as a function of the maximum
probability of success Prax (| W) for three bosons (blue cir-
cles) and four bosons (red stars) in the form of genuine W states in
the complete digraph. The dashed lines correspond to the bound
that guarantees genuine multipartite /# entanglement.

from coexisting in the same region with the same pseu-
dospin. Moreover, different configurations allow for many
different structures of multipartite (refer to Appendix C
for more information on generating three- and four-qubit
states). Furthermore, the weight matrix adjacency in a star
digraph can be adjusted to maximize the success proba-
bility, analogous to what was reported in Ref. [90] as an
efficient optical setup to generate a I/ state. It is worth not-
ing that the graph-theoretic approach enables the discovery
of alternative generation schemes for W states, as can be
seen in Refs. [68,74] with bosonic statistics.

We have already demonstrated that the ideal scenarios
of complete, star, and QFT digraphs can lead to the gener-
ation of the I state. However, it is essential to explore the
imperfect spatial overlap configurations where probability
amplitudes r; (weight of the edges in digraphs) are not
exactly our desired ones. When we have an imperfect situ-
ation, the crucial question is whether the generated state
is genuinely multipartite entangled. A typical figure of
merit is fidelity, which measures how close the generated
state is to an ideal pure entangled state [91-94]. Formally,
fidelity is a measure of the distance from a general gener-
ated state p to the desired pure state |v), given by Fy =
(| p |¥). Therefore, if the fidelity between the generated
state and the multipartite ¥ state violates the inequal-
ity Fy < (N — 1)/N, the generated state is genuinely an
N-partite (here N qubits) W state [95,96].

Besides the imperfections of the generation scheme, it
is crucial to assess the maximum probability of success
since our scheme is probabilistic. Such a consideration
leads to an interesting trade-off between fidelity and the
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probability of success, in which one may sacrifice per-
fect entanglement generation for a higher probability of
success. Here, the objective is to maximize the success
probability, denoted as P(|W™)), by searching for an
optimal digraph, i.e., a generation scheme, while ensuring
that the fidelity does not fall below a certain threshold for
the multipartite /¥ state, specifically Fiy < (N — 1)/N. To
solve the maximization problem, we first select the com-
plete digraph configuration with bosonic statistics. Then,
we randomly sample a large number of digraphs with pos-
itive weights and calculate both the fidelity and sLOCC
probability. Subsequently, we divide the fidelity values
exceeding the threshold Fjy < (N — 1)/N into small inter-
vals and determine the maximum sLOCC probability for
each of these intervals. As a result, we plot the fidelity

J

1

[N]

-(3)
2

where the summation goes over all distinct permutations
of pseudospins while keeping the regions R; fixed.

We start the generation process with the pure ini-
tial state of an N-qubit system as |Wy) = [ 1) Q-+ ®
YN L) [¥na41 1) @ -+ ® [Yy ), which comprises
half of the qubits with up pseudospin and the other half
with down pseudospin. As the first generation scheme, we
employ a remote design and apply a spatial deformation
to each qubit as DY |y,0) = |gip) = 1/v/N L)L, [R;00),
which distributes each qubit equally among all detection
regions. After applying the projection measurement, the
bosonic symmetric Dicke state is generated. Such a gener-
ation process is based on the complete digraph with equal
weights, as illustrated in Fig. 5(a) for four qubits. The
associated SLOCC probability in generating the N bosonic
symmetric Dicke state is given by

=)

Y (13)

Pc (ID™))

Alternatively, one can find different digraphs that still lead
to the generation of symmetric Dicke states. For exam-
ple, by removing connections in complete graphs, one
can check whether a symmetric Dicke state is generated.
Notably, alternative remote designs for generating four
qubits in bosonic symmetric Dicke states have been intro-
duced in Ref. [68]. It is worth noting that the on-site
approach with the QFT scheme is incapable of generating
possible symmetric Dicke states, as reported in Ref. [98]
[for details, refer also to Appendix C].

N
Z IRy TP s R Yoy s Rt dpy a4ty Ry ey )s
Py

as a function of its maximum probability of success for
three and four bosons in Fig. 4(b). Additionally, for a
digraph with all possible edges, the highest SLOCC prob-
abilities that guarantee the generation of genuine three-
and four-boson W states, respectively, are P; = 0.47 and
P4 = 0.20.

B. Symmetric Dicke state

The Dicke state is another type of multipartite entangled
state, which was first investigated concerning light emis-
sion from clouds of atoms [97]. We assume that each qubit
will reside in different detection regions R;. Thus, the N-
qubit symmetric Dicke state with N /2 down pseudospins
can be defined as follows:

(12)

(

In nonideal situations, we can employ fidelity-based cri-
teria to test the entanglement between N identical qubits.
An entangled symmetric Dicke state is a genuine N-
partite entangled state if and only if the inequality Fp <
N/2(N — 1) is violated [93]. This also allows us to explore
the trade-off between fidelity and the probability of success
in the genuine multipartite Dicke state. We sample a large
number of random digraphs and maximize the sLOCC
probability for each value of Fp over the threshold. As
a result, the fidelity is plotted as a function of the max-
imum probability of success for four and six bosons in

(a) (b)
u
. 0.67 {

u u 0.6

0.5
0.02 0.1 0.2

Panax ([DM))

FIG. 5. Symmetric Dicke state generation. (a) Colored com-

plete digraph U = {u, . .., u4} for a four-qubit symmetric Dicke
state. (b) Fidelity as a function of maximum probability of suc-
cess Pax (ID™)) for four (blue circles) and six (red stars)
bosons in the form of a genuine symmetric Dicke state with two
pseudospins down in the complete digraph. The dashed lines
correspond to the bound that guarantees genuine multipartite
symmetric Dicke entangled states.
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Fig. 5(b). For a complete digraph with nonequal weighted
edges, the maximum probability of success for genuine
four-boson and six-boson Dicke states is P(|D®)) = 0.19
and P(|D©®)) = 0.03, respectively.

C. GHZ state

GHZ states play a central role in quantum computing
[31,32], and metrology [33]. A GHZ state is a superposi-
tion of all qubits being in either up or down pseudospin
states. Assuming each qubit resides in a different spatial
region, the N-qubit GHZ state is expressed as

SRy 1)+ IR s Ry L)),
(14)

To generate a GHZ state, we begin with N identical qubits
in a pure product, represented as [¥ ™)) = |¢)) ® |¢2) ®
-+ ® |pn), where |@;) = |¥; 1). Spatial deformation alone
is insufficient for generating GHZ states, so we employ a
more general form of deformation that modifies both the
spatial wave function and the pseudospins of the initial
qubits. In this deformation, each qubit is distributed among
two regions, and its pseudospin is simultaneously altered
if the qubit is detected in the nearest-neighboring region.
Specifically, the action of each deformation on the ini-
tial qubits is given by DY v 1) = lgin) = J(IR; 1) +
n IRy })) for the first to (N — 1) qubits. Additionally,
the Nth qubit undergoes deformation as lA)](\,N) [Ynw 1) =
lonp) = f(|RN ™ 4+ |R; |)). After selecting one qubit

per region (which is the action of IT™) [Eq. (1)]), the GHZ
state is generated.

In the digraph representation of the GHZ state gen-
eration scheme, as illustrated in Fig. 6(a), we have N
nodes with the same self-loop edges in red and outgoing
directed edges in blue that connect the ith node to the
(i 4+ 1)th node. The differences in color among the self-
loops, along with their oriented edges, indicate that the
same qubit with different pseudospins will be detected in
the nearest-neighboring regions. The digraph representa-
tion of the generation of the bosonic GHZ state, as shown
in Fig. 6, was originally introduced in Ref. [68]. This graph
representation corresponds to an experimental implemen-
tation of a three-photon GHZ state using a free-space linear
optics system, as described in Ref. [27]. For the fermionic
GHZ state, a w phase is necessary for the generation of
the GHZ state. Finally, the GHZ state is generated with the
sLOCC probability of

1
GHZ™MY = — (IR, 1. ..
| ) ﬁ(l 11

1
T (15)

P(GHZM)Y) =

for both bosonic and fermionic statistics.
Additionally, we discuss the trade-off between the suc-
cess probability P(|GHZ™)) in the generation of the GHZ

(@) ®, GHZ

0.0 0.5 1.0
() Py (|GHZ )

FIG. 6. (a) Digraph representations of N-qubit GHZ
state. Colored digraph (with self-loops) with nodes
U= {u,up,...,uy}. Also, the self-loops and oriented

edges have different colors. The presence of n shows a 7 phase
shift between connected nodes for fermions. Indeed, this phase
shift is not necessary when working with bosons. (b) Trade-off
between fidelity and SLOCC probability. Fidelity as a function
of maximum probability of success Ppax(|GHZY )y) for three
(blue), four bosons (red), five (green), and six (black) bosons in
the form of genuine GHZ state.

state and the fidelity-based entanglement criteria Fguz > %
[91,99]. The fidelity criteria ensure that the generated state
is entangled in the form of GHZ. We plot the fidelity Fguz
as a function of the maximum probability of success for
three to six qubits (bosons and fermions) in Fig. 6(b). The
plot clearly demonstrates that one can generate a weak

GHZ state with a high probability of success.

D. Cluster state

Cluster states are a type of multipartite entangled
state that serves as a fundamental building block for
measurement-based quantum computing and one-way
quantum computing, in which measurements on qubits
within the cluster state are used to perform universal quan-
tum computing [35,100]. These classes of multipartite
entangled states exhibit robustness against noise and deco-
herence [100,101]. Historically, the generation of a cluster
state has been based on next-neighbor interaction between
qubits on a chain [35,100]. In this work, we employ the
indistinguishability-based entangling gate to generate the
cluster state. By assuming that each qubit resides in a
distinct spatial region, an N-qubit linear cluster can be
expressed in the form

1 N
=T Q(”

2 i=1

) o IR 1)) (16)

Here, the spatial Pauli operator is defined as ofi =

IR} (Ril ® oz, where oz = [{) ({| — IT)(TI,andfszN+1 L.
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The above state satisfies the cluster state condition,
ie, ofigiH|CMy = £|C™) with of = |R) (Ri| ®
(M) I+ 14) (1) under a unitary transformation on one
or more of the qubits [35,100]. Furthermore, one can con-
sider an even number of qubits and arrive at the following

state:

1
|ICV)y = 2 (IRt 1R 1) — IRy L, Ry )

+ IR T,...,R% T’R%+l Lo~ +Ry )

+IRy s Ry LRy oo Ry T))- (17)

To generate the cluster state in the form described
above, we consider an N-qubit pure product state of
M) = o)) ® [92) @ -+ ® ), where |gi) = [ 1).
The generation process involves placing the ith qubit in
a superposition of two spatial regions using the deforma-
tion operation, given as lA)I(\;) Y 1) = |lgip) = \/LEOR" M+
[Rix1 1)), with the exception of the middle N/2 and
last N qubits. Subsequently, the N /2th qubit undergoes
the deformation operation as lA)I(\,N/ 2) i 1) = lew2)p) =
(IRavj 1)+ [Ravjzen 4) F 0™/ Ry 1))/+/3 where the
positive (negative) sign is for bosons (fermions). Finally,
the deformation on the N'th qubit is given by ﬁ](VN ) [ 1) =
lonp) = (FIR1 L) £ 1Y% Ry 1) + IRy 1)) /4/3.
The digraph representation of cluster state generation, as
illustrated in Fig. 7(a), consists of N nodes with self-loop
edges in red and outgoing directed edges in blue con-
necting the ith node to the (i + 1)th node. Additionally,
the node at the middle, Ry/», has an additional outgoing
red directed edge to the final node at Ry with weights of
—1/+/3 for bosons and ¢’¥7/2//3 for fermions. The node
at the last phase has two outgoing directed edges in blue
to Ry,> and the first node R, with weights of —1/ V3 for
bosons and —eV™/2//3 for fermions. Subsequently, the
ideal cluster state in Eq. (17) is generated for bosonic and
fermionic statistics with the SLOCC probability given by

1 1

PACY) = § 5

(18)
for an even number of qubits larger than four.

Similar to previous sections, one might be interested in
the trade-off between sSLOCC probability and the amount
of entanglement that can be generated using this design.
Based on fidelity-based criteria, any generated state p that
violates the inequality Foov) < Lis considered a genuine
N-qubit cluster state [91,99]. Additionally, to illustrate the
trade-off between fidelity and the SLOCC probability, we
maximize the probability of success P(|C™)) subject to
a fidelity constraint Fw) > % by sampling random posi-
tive weights over the graph representation of the cluster
state for bosonic and fermionic, respectively, as illustrated

Cluster

[C IR TN

FIG. 7. Graph representations of N-qubit cluster states for
(a) bosons and (b) fermions. The colored digraph (with self-
loops) has nodes U = {u;, us, . . ., ux}. (2) In the bosonic design,
the dashed-oriented edge represents a m phase shift between
connected nodes. (b) For fermions, the dashed-oriented edge
represents a &(—1)"/? phase shift between connected nodes,
depending on the number of particles. (c) Trade-off between
fidelity and sLOCC probability. Fidelity as a function of maxi-
mum probability of success Ppax (|CY)) for four (blue square),
six bosons (red stars), and eight (black circle) qubits in the form
of a genuine cluster state. The solid lines correspond to the fitted
data.

in Figs. 7(a) and 7(b). Moreover, we plot the fidelity as
a function of the maximum sLOCC probability for four
to eight qubits (both bosons and fermions) in Fig. 7(c).
We obtain the maximum sLOCC probabilities P(|C*)) =
0.48, P(IC9)) = 0.20, and P(|C®))) = 0.07 for four, six,
and eight qubits (for both bosonic and fermionic statistics),
respectively.

V. DISCUSSION ON EXPERIMENTAL
FEASIBILITY

In the realm of free-space quantum optics, a few
experiments have been conducted to exploit the indis-
tinguishability of identical particles, specifically spatially
overlapping photons, for generating entangled states.
These experiments have successfully generated Bell states
[11,26], as well as three-photon W and GHZ states [27].
The internal degree of freedom, or pseudospin, of the
photon is represented by the polarization state, while the
spatial wave functions correspond to the regions where
the photons are detected. In what follows, we provide an
overview of the experimental platforms needed for such
experiments, as well as the potential experimental imple-
mentation of the three-step generation proposed in our
work.

In the first step (initialization), one can prepare an
initially separable state through various methods. One
approach involves using multiple independent heralded
single-photon sources, as used in the experimental ver-
ification of spatially overlapping photons for generating
entangled states [11,26,27]. These probabilistic photon
sources introduce additional costs in terms of success
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probability for generating the target state. Alternatively, a
deterministic single-photon source, such as a quantum dot,
can be employed [102—104], which can enhance the suc-
cess probability. Despite this, implementing deterministic
single-photon sources faces practical challenges, including
limited spectral tunability, lossy device-to-fiber coupling,
and cryogenic cooling requirements [105].

In the second step (deformation), one can control and
adjust the single photons’ spatial wave functions and polar-
ization (i.e., pseudospin) by using linear optics elements.
These include beam splitters, multimode beam splitters
[106], and half-wave plates. These optical components act
as deformation operators on the initial state, as described
in our theoretical framework.

In the third step (activation), that is at the detection and
verification stage, one can use single-photon counting and
quantum state tomography to verify the generated state, as
in Refs. [11,26,27]. As a prospect, it may be valuable to
explore the use of quantum witness operators within the
sLOCC framework, which could offer a simplified alterna-
tive to quantum state tomography, especially in the case of
increasingly complex multipartite systems [107].

The goal of this work is to encourage the development of
new platforms that can utilize indistinguishability to pre-
pare many-particle entangled states in various experimen-
tal configurations beyond free-space optics. For example,
superconducting qubits present a promising platform for
simulating both bosonic and fermionic systems with two
internal and external degrees of freedom. Superconduct-
ing ring resonators can function as beam splitters and be
used to deform initial states [108]. Alternatively, qubits in
Bose-Einstein and Fermi-Dirac condensates can be pre-
pared at distinct sites within a lattice. Possible internal
degrees of freedom in these systems include electrons’
spin or energy levels. Experiments with Bose-Einstein
and Fermi-Dirac condensates require suited techniques
for single-particle trapping and control. As a deformation
operation, particles can be tunneled to other sites similarly
to a beam-splitting action. The probability amplitude of
this tunneling effect can be adjusted by modifying exter-
nal parameters such as voltages, magnetic fields, and laser
beams [109,110].

VI. CONCLUSIONS

The indistinguishability of identical particles serves
as an exploitable resource for generating both bipartite
[10,11,26] and multipartite [27] entangled states. After the
sLOCC measurement, the resource state becomes avail-
able for various quantum information processing tasks
[10—15], because identical particles become distinguish-
able and individually addressable by their spatial regions.
Based on spatial wave functions, one can devise exper-
imentally feasible entanglement witness operators to test
the generated states [107].

Although maximizing the postselection probability was
not our focus, our scheme for generating multipartite
entanglement is more efficient than the heralded-based
approach [111] and the path identity approach [69,70],
both utilizing the indistinguishability of photons. For
example, our approach achieved a postselection probabil-
ity of 1/2W=D for the generation of the GHZ state, which
is significantly higher than the probability of the path
identity approach, given as 2/N®/? [69]. Additionally,
we report success probabilities for generating three-partite
W states of é for bosons and % for fermions, improving
upon the previously reported probabilities. Specifically, in
a linear-optic setup using a three-port splitter, the proba-
bility is é [112], and in the no-touching paradigm, it is
0.15 [113]. Also, it is important to note that optimizing the
weight matrix adjacency of a given digraph can maximize
the postselection probability. This is the case, for instance,
of a bosonic W state [90] and cluster state [114]. Notewor-
thy, this probability of generation W state can further be
improved using fermionic statistics, as emerges from our
method.

In this work, we have proposed an algorithmic approach
that uses the indistinguishability of identical particles to
generate a broad class of multipartite entangled states,
including W, Dicke, GHZ, and cluster states. We have
represented each generation scheme using bigraphs and
digraphs, aligning with the no-label approach for both
fermionic and bosonic statistics. This facilitates the exam-
ination of the output state, the assessment of its genuine
entanglement, and the evaluation of resources in terms
of postselection probability. Our approach allows for the
search for optimal graph configurations to maximize both
the fidelity and postselection probability of the targeted
multipartite entangled state. Different graphs may yield
the maximum fidelity, such as complete and star digraphs,
for the generation of the W state. The graph representa-
tion enables the search for arbitrary forms of multipartite
state generation by optimizing resources, considering con-
straints, and using particle statistics. Thus, it serves as a
proper interface for optimizing the generation of arbitrary
multipartite entangled states with specific probabilities of
success and maximum fidelity.

The generation of various multiqubit entangled states
via our scheme relies on probabilistic conditions, assuming
that a single particle is available upon request. Also, prob-
abilistic sources can be employed for single-particle prepa-
ration in the initial generation stage, such as spontaneous
parametric down-conversion (SPDC) and spontaneous
four-wave mixing (SFWM) processes in second- and
third-order nonlinear materials, respectively [115]. How-
ever, these sources will add an additional cost to sSLOCC
probability, due to the probabilistic nature of these phe-
nomena. This is why we explore the trade-off between
fidelity and the probability of success, potentially sacrific-
ing the amount of entanglement to achieve a higher sLOCC
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probability. In prospect, one can also consider experimen-
tal imperfections, limitations, and constraints across all
three stages and optimize the generation schemes using
this algorithmic approach.

As future perspectives, optimization methods such as
simulated annealing could be employed to identify the
optimal graph structure with higher success probabilities
and fidelity. In conclusion, the exploitability of indis-
tinguishable identical graph nodes in quantum networks
offers innovative possibilities within a widely used tech-
nology, suggesting further avenues for exploration and
study.

The main results of this paper are analytical and numer-
ical. All data generated or analyzed during this study are
included in this article. The code is available upon request.
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APPENDIX A: BELL STATE

As mentioned in the main paper, spatial deformations
alone are insufficient for generating graph states within our
formalism. The general deformation alters both the spa-
tial wave function and the pseudospin states of the initial
qubits. Here, we discuss the Bell state, represented as

1
107 = —
V2

which requires the general deformation to generate.

First, we consider the initial state in the pure prod-
uct state form as |\If(()2)) = |¢¥1 1) ® Y2 1). The actions of
deformations result in each qubit undergoing a transforma-
tion: |gip) = D5 [¥1 1) = ri1 [Ry 1) + nriz IR 1), and

l920) = DS [¥2 ) = ra1 [Ry 1) + 22 IRz 1) where
represent the single-qubit probability amplitudes. As

(IR 1Ry 1) + IR |, R2 1)), (Al

observed in these single-qubit deformed states, the defor-
mation not only alters the spatial wave function but also
changes the pseudospins of the initial qubits upon detec-
tion in the second region R,. The corresponding digraph is
similar to Fig. 2 of the main paper, with the difference that
the colors of the self-loops differ from the colors of the
edges oriented toward them. With probability amplitudes
rij = %2, the ideal Bell state in Eq. (A1) is generated with

an sLOCC probability of P(| (Df))) = %

APPENDIX B: W STATE WITH THREE AND FOUR
QUBITS

In the main part of the paper, we delve into
indistinguishability-based generation schemes for the W
state with V identical qubits. Here, we provide a detailed
explanation of the formalism, illustrating it with exam-
ples involving three and four qubits. This exploration
allows us to elucidate how the bigraph and digraph pic-
ture, employed as a generation scheme, can be utilized to
generate the W state.

1. Three-qubit W state

We begin with an initial state of a three-qubit system
expressed in the pure product form as |\IJ(§3)) = P
[V 1) ® |¥s3 ). Subsequently, we apply spatial deforma-
tion, placing each qubit in a super;/a{osition of three spatial
regions, described by |pip) = > ;_, 7y |R;0:), where ry
denotes tunable single-qubit probability amplitudes. As a
result, the deformed state of the three-qubit system can be
written as |\DL()3)) = (1/4/v) l¢1p, ¥2p, 93p), With the nor-
malization factor v = [{¢1p, 920, ©30|910, 920, @3p)|*. It is
worth noting that the three-qubit deformed state is not gen-
erally factorizable in terms of single-qubit states, given as

W5} # (1/3/9) lg1) ® lgap) ® lgsp) [81]. Finally, the
sLOCC projection measurement 113 [10,18] is utilized
to project the deformed state onto three separated spatial
regions where a single qubit can be found.

From a graph-theory perspective, we can associate a
digraph with the three mentioned generation steps: ini-
tialization, deformation, and projection. This assignment
is facilitated by the adjacency matrix of a digraph, with
elements (R;0;| ¢;p), given by

rip{onl 1) riz{oild) riz{oil )
Rojoroys = | 121 (02| 1) 122 (02| l) 123 {o2|{) ],
r31 (o3| 1) rf{osll) r3{osll)
(BD)

which is written over all possible combinations of pseu-
dospins o; = {1, |} for i = 1,2,3. The subsequent steps
involve obtaining the determinant of the above adjacency
matrix |”R(71 02,03 |n and substituting it into the expression

3 /N
|IIII(/V)) = 1/ N3 Zalv"‘nz{%‘“ |R(71, 02, 03 ‘77 |R1613 R2027
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Rs03) to generate the desired state |'~If$)). The explicit
expressions of the adjacency matrices with nonzero deter-
minants are given

r1 0 0 0 rip 713
Ripov=10rors|, Rypyp=1ra 0 0],

0 r3p 133 0 r3p 133

0 ro ri3
Riypp=\{0 rn 3 (B2)

r3 0 0

1
vy —

where the probability amplitude coefficients Sj, S,
and S3 are obtained by determining the determi-
nant of the above adjacency matrices and are specif-
ically given as |Ry |, = S1 = riurars + nrirsrs,
Ryaily =82 =risrarsa + nrizrairss and Ry 4]y =
S3 = riarir3 + nrizraars, with the normalization fac-
tor N3 = 22:1 ISy|>. Now, one can tune the digraph
edge weights, r;;, to generate the desired state. As dis-
cussed in the main paper, a specific choice of probability
amplitudes is the complete digraph with equal weights,
given as r; = \/Lg, and bosonic statistics. This, in turn,
results in the generation of the three-qubit /¥ state given
by W) = =(IRi 1, R2 L, R3 1) + R 4, R2 1, R3 |) +
IRi {,R> |,R3 1)), with the sLOCC probability of
Pc (IW®)) =2/9. The complete graph is not the only
structure that leads to the generation of the IV state. Addi-
tionally, one can employ the star digraph to generate the
W state. The star digraph configuration has an adjacency
weight matrix with elements r; = \% (for i=1,2,3),
ri = % (fori = 2,3),and r;; = n/~/2 (fori = 2,3), appli-
cable to both fermions and bosons. The star digraph config-
uration leads to sSLOCC probabilities Py (|IW)) = 1/5
for bosons and P (|W)) = 1/3 for fermions, respec-
tively. Furthermore, one can adopt the quantum Fourier
transform (QFT) deformation as well to generate the W
state with sSLOCC probabilities of Pqrr (|W)) = 1/9 for
bosons and Porr (| W) = 1/3 for fermions.

2. Four-qubit W state

The next step involves considering a four-qubit system,
which leads to diverse configurations in generations of
quantum states. Similarly, we assume the initial state of
a four-qubit in the pure product state as |‘IJ(§4)> =Y 1) ®
V2 ) ® |3 1) ® |4 ). Similar to the three-qubit case,

StIRy 1Ry 4, Rs L) +S2[Ry Ry 1, Rs ) + 83 1Ry LRy 1L R3 1),

To generate the state, we connect each of these matrices
to perfect matching bigraphs [72]. For example, the first
adjacency matrix corresponds to the scenario where we
detect a qubit with an up pseudospin in the first region,
while two qubits with down pseudospins are in the second
and third regions, or vice versa. The other two adjacency
matrices depict the other four perfect matches, as illus-
trated in Fig. 8. Finally, we can write the general form of
the three-qubit state as follows:

(B3)

(

we aim to come up with explicit expression of the adja-
cency matrices R, 4,.03,0,- 1he adjacency matrices, con-
nected to perfect matching bigraphs with nonzero determi-
nants are

i 0 0 0
rp I3 4

R =
s rn ry ra|’
Y4y 43 T44
rig i3 ra
Ritaa = .

32 133 I3
rap 43 Fag

0

0

0

1 0 0 0
0

0

0 72 r3 ru
0

. rn T3 Fu
Rivis=1,m 0 0 0|

gy 43 F44

0

0 72 r3 rus
0 7rn 73 ru
0

R = (B4)
Lt PR
a1 0 0 0
(a) (b) ©
) R e PAREETIEE )
2 1) l . 2y, Ix2) 1y |X2)
v B ey e ey )
o B ey PR )
2 b M ), b oy, n B Ix2)
s b D e B gy Ix2)
1N J 1N J N J
Y Y Y
Rl Ry Riip

FIG. 8. Perfect matching sub-bigraphs for generation of
the three-particle W state [68,74]. (a) Represents the state
[R1 1, Rz |,R3 |). (b) Represents the state [R; |,R, 1,R3 |).(c)
Represents the state |R; |, Ry |,R3 1).
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After obtaining the determinantlike of the above adjacency matrices, we can the generated four-qubit state as

1
@)y _
Wy') = N7 (StIRt MRy 4, R3 | Ry ) +S2|R1 |, Ry 1, R3 |, Ry )

+831R1 L, Ry L, Ry MRy ) +S4 IRy L, Ry |, R3 |, R4 1)), (B5)

where probability amplitude coefficients are S; = [Ry 1. 1n S2 =Ryt iilys S3=1Ry, 1410 and Ss =Ry 41y
with the normalization factor as Ny = Y7 |Si|>. Similarly, we can generate the four-qubit W-state |W®) =
JUR MRy L,Rs LRy L)+ 1Ry L Ry M, R3 LRy ) + Ry LRy LR 1, Ra L)+ |R1 Ry |,R3 |,Rs 1)) using the
complete (equal weights), star, and QFT digraph configurations with sSLOCC probabilities of Pc (|W¥)) = 3/32 (for
bosons), Pyar (IW™)) = 1/16 (for bosons), Pyar (IW)) = 1/4 (for fermions), and Pgrr (IW)) = 1/4 (for fermions).
However, the state generated with QFT deformation for bosons is expressed as follows:

1
W orr) = 5 (RU ARy L Rs LRy 4) = IRy 4, Ro 1,Rs 1, Ra 1)

=Ry |, R L,Rs 1Ry L)+ IRy L Ry L, R3 |,R4 1)) (B6)

Although the state above is entangled among the four qubits, it does not have the form of the W state. One
can explore alternative graph configurations, such as a closed-chained digraph. In this configuration, each node
has three edges, including a self-loop. In this scenario, each qubit overlaps equally with its nearest-neighbor
nodes. Specifically, tlhe qubit with a down pseudospin undergoes spatial deformation and takes the single-qubit

state form |@ip) = 7 (JRy 1) +n|R3 1) +n|R4 1)). The other qubits with an up pseudospin undergo deforma-

tion and take the form |ap) = 5= (IR2 4) + [Rs |) + R4 1)), l¢3p) = % (1IR3 |) + IRz ) + Ry {)), and |gsp) =

\/% (IR4 |) 4[R2 1) + Ry |)). Within the choice of these 7;;, the generated state with closed-chain configuration takes
the form

1

W3 i) = NG (IRt TRy LRy ) +|R1 LRy 11, Re L) + IRy LRy LRy 1) @ [R3 L) (B7)

The state mentioned above is a biproduct of a three-qubit state, in the form of a IV state, and a single-qubit state. This
indicates that only three qubits are entangled with a fidelity of F (|W®)) = 3/4, which does not violate the threshold of
(N — 1)/N for four qubits. In summary, we present the various generation configuration schemes as digraphs with their
corresponding fidelity and success (SLOCC) probabilities for both bosonic and fermionic W states involving three and
four qubits in Table I.

APPENDIX C: SYMMETRIC DICKE STATE OF FOUR PARTICLES

We initially consider four identical qubits in product state form: [¥@®) = |y M) @ [¥» ) @ [¥3 1) ® ¥4 |). We can
associate the adjacency matrix of a digraph with the three-generation steps: initialization, deformation, and projection, as
follows:

ri{ol 1) riaold) riz{o1l 1) ra{oild)
R _ [ rarloal 1) rafoal ) ra3{oal 1) 724 (02l ) 1)
T4 r31{o3l 1) r{osll) rs{os| 1) ralosll) ]’
ra1{ogl 1) raa(oall) 143 (o4l 1) raa (ol {)

.....
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TABLE 1. Digraph configurations for generating W states with three and four qubits. This table outlines diverse digraph configura-
tions utilized to generate four-qubit I states involving identical bosonic and fermionic qubits. It includes their corresponding fidelities
(F) and sLOCC probabilities (P). The presence of n, highlighted in red, shows a 7 phase shift between interconnected nodes for

fermions. Moreover, edge weights labeled with wy denote ¢2™/V.
Fidelity for bosons ~ Fidelity for fermions ~ Probability for bosons Probability for fermions
F(Iw)) =1 F(W) =0 Pc (1)) =2/9 Pc (W) =0
F(Iw®)) =1 F(w®)) =1 Paar (IWD)) = 1/5 Paar (IW3)) =1/3
F(w®) =1 F(w®) =1 Parr (IP)) = 1/9 Parr (IW9)) = 1/3
F(w®) =1 F(Iw®)) =1 Pc (IW¥)) =3/32 Pc (W) =0
F(Iw®)) =1 F(Iw9)) =1 Pyar (IWD)) = 1/16 Paar (1)) = 1/4
F(w®) =0 F(w®) =1 Parr (1)) = 1/16 Parr (I79)) = 1/4
(Iw@)) =3/4 F(|w®)) =3/4 Penain (IWP)) =0.1139  Pepain (IW?)) = 0.1429
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TABLE II. Digraph configurations for generating four-qubit Dicke states. The table summarizes digraph configurations utilized to
generate four-qubit Dicke states, involving identical bosonic and fermionic qubits, along with their corresponding fidelities (F) and
sLOCC probabilities (P). The presence of n, highlighted in red, indicates a 7w phase shift between interconnected nodes for fermions.
Moreover, edge weights labeled with wy denote e™/V.

Graphs Fidelity for bosons Fidelity for fermions Probability for bosons Probability for fermions
) F(ID%)) =1 F(ID%)) =1 Pc (IDW)) = 0.0938 Pc (IDD)) =0
u u
F(ID®)) =4/9 F(ID®)) =4/9 Paar (IW®)) = 1/10 Paar (ID®)) = 1/4
F(ID¥)) =0 F(ID®)) =2/3 Parr (ID®)) = 0.1250 Porr (IDW)) = 1/4

F (ID®™)) = 0.6429 F(ID¥)) =3/4 Pehain (IDP)) = 0.1234  Pepain (ID@)) = 0.1429

{o1,...,04} = {#, ]}, which result in the general form of the generated state, given in the following expression:
1
W5y = —— (S1 IRy 1Ry L, R3 1, R4 |) +S2 IRy A, Ra ARy L, R4 |) + S5 1Ry ARy L, R3 L, Ry 1)
/Ny
+S4[Ry L,Ry 1 R3 L Ra M) + S5 Ry L, Ry 1, R3 1, Ra L) +S6|R1 L, Ry ,R3 1,R4 1)), (C2)

where the probability amplitudes are given by the determinants of digraph adjacency matrices as S1 = [Ry 1,115, $2 =
Rlns S5 =Ry ity and S = IRy 4. 040p, S5 = Ry ly, and Se = IRy | 441y

As mentioned in the main part of the paper, the complete digraph is when qubits are distributed over all spatial regions
with equal probability amplitudes of r; = % (i,j = 1,2,3,4). With such a generation setting, it leads to a symmetric
Dicke state with a SLOCC probability of Pc (ID™)) = 0.0938 for bosons. However, this configuration does not lead to
any Dicke state for fermions.

Alternatively, one may explore the on-site design utilizing the QFT operator to generate the symmetric Dicke state with
four qubits. This involves defining r;; = '“"DU=D/2) in the matrix adjacency as shown in Eq. (C1). With this choice,
the resulting state is expressed as

1
WS orr) = 7 (R TRy 4o Ry Lo Ry 1)+ IRy 4o Ry 15 Rs 1 Ra 4) — IRU M Ry 1, Rs o Ra L) — IRy LRy 4 Rs 1, Ra 1))
(C3)
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As can be seen, the state above is missing the terms |Ry 1,R2 |,R3 T, R4 |) and |R; |,Ry T, R3 |,R4 1), thus not
matching the symmetric Dicke state.

Also, let us consider the star digraph configuration as another example. With the star digraph, the generated state takes
the following form:

1
NG

with a SLOCC probability of Py (ID®)) = 0.1 for bosons and Py, (D)) = 0.25 for fermions. However, as observed,
the state is not a four-partite entangled Dicke state.

Furthermore, we can consider a closed chain configuration in digraph, which results in the following states for bosons
and fermions, respectively:

W pohar) =

D-star

IRt MRy LRy I) + Ry LRy 1,4, Ra L) + IRy LRy |, Rs 1) ® [R3 1), (C4)

1
¥ ehain) = ol (4R 1Ry J, R 1, Re L) + Rt 1Ry 1 Rs LRy |) + IRy 1Ry |, R3 |, Ry 1)

+IR L, R PR3 LRy M) + IRy LRy MRy MRy L) + IRy LRy L, R3 T, Ry 1)), (C5)

1
W i) = 7 (IRt 1, R L, R3 1, Ry |) + Ry 1R 1, R |, Ry |) + Ry 1R ,R5 |,R4 1)
+IR R 1R 1Ry )+ Ry R |, Rs T,Ra 1)) (Co)
Here, bosonic and fermionic states have fidelity values of F (ID(4))) = 0.6429 and F (|D(4))) = 3/4 and sLOCC prob-

abilities of Pp.chain (ID™)) = 0.1243 and Pp_chain (ID?)) = 0.1429, respectively. Finally, we summarize all generation
settings and their associated fidelities and SLOCC probabilities for both bosons and fermions in Table II.
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