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Abstract

In this paper, we study algebraic aggregate computatior&emsor Networks.
The main contribution is the presentation of an early-sitogpprotocol that com-
putes the average function under a harsh model of the conditinder which
sensor nodes operate. This protocol is shown to be timesapin presence of
unfrequent failures. The approach followed saves time aedgy by relying the
computation on a small network delegatenodes that can be rebuilt fast in case
of node failures and communicate using a collision-freedake. Delegate nodes
run simultaneously two protocols, namely, a collectiosgdimination tree-based
algorithm, which is shown to be optimal, and a mass-distigoualgorithm. Both
algorithms are analyzed under a model where the frequentsilofes is a pa-
rameter. Other aggregate computation algorithms can hlg dasived from this
protocol. To the best of our knowledge, this is the first oplimarly-stopping
algorithm for aggregate computations in Sensor Networks.
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1. Introduction

A Sensor Networkis a simplified abstraction of a large monitoring infras-
tructure, formed bysensor nodegor sensors) that create a radio communication
network from scratch. Each sensor node is equipped with aomoation, pro-
cessing, and sensing capabilities. However, given itsisizal and low-cost, it is
assumed that a sensor node will operate under strict limigbn energy supply
and computational resources such as memory size [29]. Tuesmainly to the
energy constraint, individual sensor nodes are unreligkdelitionally, determin-
istic deployment of sensors is not feasible because Serederdrks are expected
to be used in remote or hostile areas. Random deploymentranedability, to-
gether with the limited range of communication and harsbuese restrictions,
make solving even basic problems very challenging. Thesefdassical solu-
tions for basic problems such as establishing the netwodn ulgployment, or
achieving reliable communication among nodes, had to beead\2, 1, 36].

A natural question is which problems that are useful for rtayimg purposes
can be solved in a Sensor Network. Nodes can collaborateotegs the sensed
data but, due to unreliability, a monitoring strategy catrety on individual sen-
sors data. Instead, the network should use aggregatednafimn from groups of
sensor nodes [25, 8, 5]. Popular examples of relevant agtgégnctions are the
computation of the maximum or the average of some variabdge: (mperature)
sensed by the nodes in some area. Nevertheless, any atpapgaegate function
of the sensed input-values is also of interest.

Typically, in Sensor Networks, the aggregated informatnollected by a
small number (maybe one) of distinguished nodes calekls Given that the
information has to be collected to be of any use, a sink nodenerally assumed
to be failure-free, and to have access to more resourcestiegular sensor node.
For some applications, it might be useful to compute agdiegs restricted to
specific areas of the network, and to route the result of tlvoseputations to
the sink nodes. However, lack of position information amditations on storage
space precludes area delimitation and routing. Henceh&mtost restrictive and
general scenario, only aggregation amatighodes is feasible. Additionally, the
result must be propagated to all nodes in the network to gtegahat sink nodes
receive it.



Algebraic aggregate functions are well defined. Howeverjitiplementation
of such computations in practice, and specially in the h&esfisor Network set-
ting, has to deal with various issues that make even the tefirof the problem
difficult. First, the input-values at each node might chaoger time. There-
fore, it is necessary to fix to which time step those inputsgalcorrespond. This
fact implies that any protocol has to achieve some form dbgllsynchronization.
Second, the multi-hop nature of Sensor Networks makes isilpleso completely
aggregate these values in one single time step. Henceaaylmbde failures make
the design of protocols challenging. Furthermore, it hankshown [4] that the
problem of computing an aggregate function among all nadesietwork where
some nodes join and leave the network arbitrarily in timafsactable. The only
limit on adversarial failures that is customarily used ia ®ensor Networks lit-
erature is a guarantee on connectivity amaotivenodes in each time step. An
active node at time is a node that is up and running at timeHowever, for any
Sensor Network, there are node-failure schedules thattamaisuch connectivity
but partition the network

The topic of this paper is the efficient computation of aggtedunctions on
a Sensor Network. The efficiency is measured here in two dsinas: time and
energy. The energy efficiency is evaluated in terms of nurabigansmissions, as
customary in the Sensor Networks literature. These efiigiemetrics are strongly
influenced by collisions, especially because no collisietedtion mechanisms are
available in this setting. The response of the algorithmetassr failures is also
an important characteristic of any protocol. Some algorghave to restart in
presence of failures, while others simply compute an agdeegvalue that may
be only an approximation.

Hierarchical aggregate computations where the few comfuutéghe many
have been studied. The most frequent hierarchical appriedolconstruct a tree
that spans all nodes in the network [30, 26]. The spanningigaised to col-
lect and gradually aggregate the input-values at each té\bk tree, relying the
partial results to the root. Then, the root computes theadvaggregate result
and distributes it down the tree. Due to memory size linotadi it might not be
possible to implement these techniques unless the degesebfnode in the tree
is bounded. Another drawback of this approach comes fronmiis$ structure. If
an internal node of the tree fails during the computatios, ttee is partitioned,

2E.g.: a bipartition in two connected components that aregued off by the adversary in odd
and even steps respectively.



and the result, if computed, may not consider the inputeslf an unbounded
number of nodes. Furthermore, these nodes may never ob&ragult.

Non-hierarchical computations have also been studied §2%]. The ap-
proach of choice is to aggregate the informatioearynode of the network in
amass-distributiorfiashion as in load balancing [35, 17] algorithms. In this man
ner, all nodes arrive at the final result concurrently. A pts# shortcoming of
this approach is the energy consumption overhead of havingdes transmit-
ting and computing. Furthermore, the fact that all nodesroanicate with other
nodes during all the algorithm greatly increase collisiith the consequent time
and energy cost. As opposed to their hierarchical countierpan-hierarchical
approaches usually obtasomeresult even in presence of node failures. Thus,
non-hierarchical approaches are more resilient to faslure

These arguments indicate that both pure approaches, dheralr and non-
hierarchical, may have advantages and shortcomings. Tuoeithim presented
in this paper benefits from the good properties of both amtres by combining
them. The protocol presented interleaves two algorithms, following a tree-
based approach and one following a mass-distribution @ghroThe tree-based
algorithm will provide the correct result with low time andexgy complexity
if failures are not too frequent. If the frequency of failsrprevents the tree-
based computation from finishing, the mass-distributiggopathm will compute
and disseminate an approximation of the result. The timentdly this algorithm
is larger, but it is only incurred in presence of frequenlufas, since as soon as
the tree-based algorithm finishes, the execution of the yiggsbution algorithm
is aborted. Hence, the combined algorithnealy stopping An algorithm is
early stopping if it works more efficiently in a failure-frexecution than in an
execution with failures.

Combining these two algorithms for the harsh SN setting eharergy is
scarce and failures may be frequent is not a trivial task.réteioto reduce colli-
sions and energy consumption, a two-level hierarchy of aalased. The actual
computation is done by a small set of nodes, callelégate nodeshat collect the
sensed input-values from the non-computing nodes, callegnodesThis struc-
ture has several advantages. First, collisions are redsioed they can only occur
while defining this hierarchy or when the delegate nodecbthe sensed input-
values from the slug nodes. After that, delegate nodes é&d@bommunicate in
a collision-free fashion. Second, the subnetwork of detegades has constant
degree, which allows to easily build a constant-degreerspgriree. Collision-
free communication and a constant-degree structure lebtasnoa time-optimal
hierarchical algorithm. Third, energy is saved becausesthg nodes can idle
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during the computation. Finally, since the set of delegatdes is small, there is
a smaller probability that the tree-based algorithm will fsince only failures of
delegate nodes impact on it). In presence of failures, tioeléwel structure may
have to be reconstructed; but, this can be done fast andylocal
Model. Sensor nodes are expected to be deployed at random in laagéitops
over an area of interest. Hence, we model the connectivitpdés with th&seo-
metric Graph Modelnoted agj,, ., wheren nodes are deployed at randomRA
in a unit area, and an edge between two nodes exists if andfonéy are located
at an Euclidean distance of at most a parametéi/e assume that the area cov-
ered by a sensor node coincides with the range of transmis§itherwise, the
analysis can be augmented with a sensing radius. We furtiaeacterize the area
of deployment assuming that, if expanded in all directions lolistance of, the
new area would not be asymptotically bigger. Thus, we do esitrict to a node
distribution or a particular shape of area deployment ahénpopular random
geometric graph model. As customary in the Sensor Netwateksture, we as-
sume that nodes are deployed densely enough to ensure ketvorectivity and
sensing coverage even under failures. Nevertheless, wetdestrict ourselves
to an specific spatial distribution. Given that we will useadius of transmis-
sion reduced by a constant factor in some algorithms, whdudssume that such
density is adjusted accordingly by a constant factor tbatdomplish connectiv-
ity and coverage using the reduced radius. This assumpties dot change the
asymptotic cost. A straightforward application of the bdum [19] for uniform
node-distribution gives a bound ofc 2(1/log n/n) to achieve connectivity with
high probability (w.h.p3, even with non-uniform node-distribution, since the ra-
dius cannot be smaller if some areas have smaller densitydzs

Regarding models of sensor node constraints, we use trevioth model.
The following assumptions are standard in the Radio Netwbt&rature. Refer
to [9] and the references therein for further details. Themwnication among
neighboring nodes is through broadcast ahared channelTime is assumed to
be slotted, and each transmission occurs in a given slotdp).sThe use of a slot-
ted scenario instead of a more realistic unslotted one vasigd in [37], where
it was shown that they differ only by a factor of 2 because &ecan interfere
in no more than 2 time slots. The length of a (communicatidot)is the time to
transmit one message. All nodes have the same clock freguemat are synchro-

3A parameterized everit, occurs w.h.p. if, for any constant> 0, there exists a valid value
psuchthatPr{E,} >1—-n"".



nized at the slot level, but no global synchronizing mecéiaris assumed. A node
receives a message in a slot if and only if exactly one of itghi®rs transmits in
the slot. There iso collision detectiomechanism available and the channel is as-
sumed to have only two states: single transmission andcgileallision. Sensors
nodes haveon-simultaneous reception and transmission

Nodes are woken up by an adversary, perhaps at differens tisensor nodes
may store only a constant number@flog n) bit words'. We assume that sensor
nodes can adjust their power of transmission (effectivdjysting their commu-
nication radius) to only aonstantnumber of levels. Nodes are assumed to have
limited life cycle. Other restrictions include: short teamission ranger(<< 1),
only one shared channel of communication, and lack of mositiformation.

As pointed out before, the problem can not be solved undétramnp adver-
sarial failures. Hence, a node-failure model is defined. Wfesicler a scenario
where, upon starting the algorithm, some nodes fail duedio ¢ power supply
or any other event such that, as a consequence, the nodeattipgating in the
algorithm and all the information stored in its memory igl@snode may recover
from a failure later (for instance, after replenishing iétbry) but no information
was kept in its memory. Thus, we assume that a node that necafter a failure
has to start the protocol from scratch. The rate or time atkvfailures occur is
modeled as follows. Given two parametgrs 0 and7’ > 0, itis assumed that the
number of failures is bounded byand the time between any pair of consecutive
failures is at least’” time steps.

In order to highlight the relevance of this work, we compaue model with
respect to previous models of node constraints. Our modelétaxation of the
Weak Sensor Model [12], which includes the same set of odistnis but where
failures are arbitrary. As mentioned before, arbitraryuf@s would yield the
problem unsolvable. Bar-Yehuda, Goldreich, and Itai [3dig formal model
of Radio Network, which specifies many of the node restndibere, including
limits on contention resolution, but they make no mentionarhputational limits
such as small memory. Later on, more restrictions have baaerkto the model in
various papers, such as in the unstructured Radio Netwodehji28]. Notice that
the unstructured Radio Network model does not include alr#éstrictions of our
model. For instance, that model does not include limits @enrthmber of levels
of transmission power and lack of position information. Bubre importantly,
the unstructured Radio Network model does not include $irait memory size,

4Throughout this papelyg meandog, unless otherwise stated.



a fundamental restriction [29]. As detailed in the relateatknsection, relevant
work in aggregate computation cannot be implemented unagr sestriction,
given that information about(1) neighbors has to be gathered.

We further assume that the assignment of input-values isradsial. In other
words, we do not assume any specific distribution of inplites®among nodes
but just a worst-case scenario. Without loss of generali¢yassume those values
to be positive. We also assume that nodes are assigned a&ubiqtiO (log n) bits
also adversarially and they know only the total number ofesad However, the
deployment of nodes is not an uncontrolled experiment. k&tiance, a scenario
frequently used for motivation is an area where nodes arppei from a heli-
copter. Hence, by keeping track of the number of nodes dppeach region,
an asymptotic upper bound on the maximum degree can be elitahalditionally,
provided that enough number of nodes are deployed to gusranhnectivity, the
transmission radius and the maximum length of the area dbgent give also
an asymptotic upper bound on the network diameter. So,rrdtion about the
resultant topology can be introduced at a sink node aftelogiegent. In this pa-
per, we assume the presence of one distinguished node salledhat does not
fail and knows tight bounds on the diameter of the netwbrnd the maximum
degreeA. D is the maximum diameter during the whole execution of the-alg
rithm which, in presence of nodes failures, may be biggen tha diameter at
the time of deployment. Assuming that the computation toost is negligible in
comparison with the communication time-cost, time efficiers studied in terms
of slots (or steps).

Related Work. There is a large body of literature on aggregate computation
in sensor networks that includes both, theoretical andraxjgatal work. Many

of these results are obtained under models that do not iadlagdortant restric-
tions such as, limited memory size [26], lack of positiorommhation [11, 18] and
limited range of transmission [23, 25]. Others, use purglyegimental evalua-
tion [39, 30, 34, 31, 27, 21, 22, 20].

A hierarchical approach to aggregate information is prieseim [18]. The so-
lution proposed defines a tree structure that requires romdion information to
carry out the aggregation and it contemplates node failariesge networks. The
protocol presented computes aggregation functions @ithlog® n) messages in
O(log® n) rounds Contention resolution and other communication issuesigre
sumed to be resolved by an underlying protocol.



Generic non-hierarchical gossip-basptbtocols for average computations in
arbitrary networks were studied in [5, 25]. Results in [5¢ aresented for all
gossip-based algorithms by characterizing them with aim#tat models how
the algorithm evolves sharing values in pairs iterativatyis shown there that,
given a value > 0, and an arbitrary network of nodes, where each nodbolds
a valuey; and all nodes start synchronously; then, with probabilitieast] — e,
in O(logn + log(n/€)/(1 — Amae((I + P)1/2))) rounds each node running a
gossip-based algorithm characterized by the m:ﬁr,ixomputes a value! such
that) . (v] — )%/, v? < €%, wherer is the average ", v; /n and ., (-) is the
second largest eigenvalue. Additionally, an algorithnt thkes advantage of the
broadcast nature of radio networks is included in [25] giveimilar bounds. In
these papers no details about collision resolution areided, and the algorithms
presented require(1) memory size.

A closely related research was done by Chen, Pandurangaiiwafy]. They
present an aggregate computation algorithm, which thdyDfaR-gossip algo-
rithm, for Sensor Network. Their algorithm, first, buildsadst over the network,
where each root collects the information and computesliptia¢ aggregate func-
tion of its tree. Then, a gossiping algorithm is used amorgabts to compute the
global aggregate function. The authors prove that DRRig@dgorithm requires
O(n) messages an@(lo’g‘f’%n) transmissions to compute the function, using the
same number of rounds than the uniform gossip algorithm., Buéduces the
energy consumption by at least a factod glog n over the standard uniform gos-
sip algorithm. Nevertheless, the main difference with tleeknpresented here is
framework used for the analysis. The DRR-gossip algorithiamialyzed under a
guite stable framework, since collision resolution andufais are not taken into
account. We believe that two main challenge for Sensor Ndtevaalysis are, pre-
cisely, collisions in the communication due to the use ofrglei radio channel,
and their natural instability due to the unreliable naturthe sensor nodes.

Another unstructured protocol for aggregate computaticasspresented in [8].
A mass-distribution algorithm is also used there, althotedfing on a different
randomly chosen local leader in each round to perform sustilolition. It is
shown that, given a value> 0, and a Sensor Network afnodes with underlying
graphG with algebraic connectivity(G)®, where each nodeholds a value/; and

5In gossip-based algorithms interactions occur only ingair
6A characterization of the deployment topology by the secnadllest eigenvalue of the Lapla-
cian matrix ofG.



all nodes start synchronously; then, with probability ask —¢?/ >~ (v, —7)?, in
O(A3log(>,(v; —7)?/€?) /a(G)) rounds each node running the algorithm pre-
sented in [8] computes a valugsuch thaty, —v| < efor all i, wherev is the aver-
age) . v;/n. If the deployment topology is known in advance, a paramertei-
ability p can be tuned to improve that bound®A log(>",(v; —7)?/€?) /a(G)p)
rounds Finally, the energy metric, used in that paper, is the etgueaumber
of transmissions, bounded I6Y(nA? log((>~,(v; — 7)?)/€?)/a(G)), again, aside
from communication and synchronization overhead. Thisltegas extended
recently [6] to networks with a time-varying connection ga

Results. The main contribution of this paper is the presentation ofearly-
stopping protocol that computes the average function irs@eNetworks under a
harsh model of sensor restrictions. Although the protocesented builds incre-
mentally over known techniques, the careful combinatiothem in the restricted
Sensor Network setting is not trivial. More precisely, isifown here that, in pres-
ence off non-frequent failures, w.h.p., this protocol returns areand terminates
in O(A + D + flog®n) steps which, given tha andA cannot be both asymp-
totically smaller than a polynomial, is optimalffe o(n) for anyc € O(1). The
overall number of transmissions is@(n((f + 1) logn + A/logn + log A)) in
expectation. On the other hand, in presence of frequentés) nodes running the
protocol still converge to some result, whose accuracy wagipect to the average
depends on the failure model and the distribution of inpalti®s. Therefore, in
presence of failures, we aim to obtain a result that does inetge significantly
from one node to another. More precisely, it is shown thah,.pv, the proto-
col takesO(A + D + (f + log(1/e) + log(Vmaz/Vimin))/ ®2,;,) time steps and
O(n(logn + A/logn +1log A + (f + log(1/€) + 10g(Vimaz/Vimin))) | @2, logn)
expected transmissions to converge, where 0 is the maximum relative error
(i.e., the maximum relative difference between two re$udts,;,, is the minimum
conductance [24] of the network underlying the Markov chaharacterizing the
algorithm, andv,,,, andv,,;, are the maximum and minimum input-values re-
spectively.

A time-optimal protocol to compute the maximum function ¢eneasily de-
rived from the average protocol. By flooding the delegatéaork with the max-
imum input-value seen so far, the efficiency bounds of the atgorithm are ob-
tained. Regarding other aggregate functions such as thequantiles or count,
they can be computed using a protocol for average withouhexist as described
in [25, 8].

All in all, we obtain an energy-efficient algorithm that, eve the hardest
model of Sensor Network, and including the constructiorheftivo-level struc-
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ture, solves the problem fast. In all our analyses commtinitaosts due to
contention resolution are included since we do not assumexistence of any
medium access control layer. Furthermore, by proving a niragdower bound,
this time is optimal in presence ¢f € o(n°) failures. To the best of our knowl-
edge, this is the first optimal early-stopping algorithmdggregate computations
in Sensor Network.

Roadmap. A lower bound on aggregate computations is proved in Se@ion
Upper bounds are shown in Section 3. In Section 3.1 the pcepsing algorithms
are detailed. The Aggregate Computation Scheme is presantd each of its
phases analyzed in Section 3.2.

2. Lower Bound

A lower bound on the time steps needed to compute an aggriegedti#on in
a Sensor Network is shown in the theorem below. Eet R* — R,n € N be
an algebraic aggregate function overeal numbers. We say th#t is one-node
sensitiveif, for any choice of values; € R", there exists another choice of values
U, € R™ such that/; andi, differ only in one value, andF () # F(i,). Given
a Sensor Network af nodes, where each node is assigned an input-value, we say
that a protocol to compute an aggregate function over thalses isassignment
obliviousif it is independent of the specific assignment of input-ealu

Theorem 1. Given a Sensor Network efnodes, wheré is the diameter of the
network andA the maximum degree, under the model described in Sectiaordl, a
independently of randomization and failuré(D + A) time steps are needed
in order to compute a one-node-sensitive algebraic aggeefianction using an
assignment-oblivious protocol.

PrROOF The lower bound is shown exploiting the adversarial asaggmt of input-
values, the adversarial wake-up and the topology. Consi&ansor Network of
n nodes with maximum degre& and diameteD, where some nodgis located
atQ2(D) hops of any node in a subs&t | X'| € Q(A) of nodes that form a clique.
Such a seX exists as proved in the following claim.

Claim 1. Given a geometric graph of nodes and maximum degrek, there
exists a subset of nodésthat form a clique such that| € Q(A).

PROOF Letx be a node of degreA. Then, there aré\ + 1 nodes located in a
circle of radiusr centered onx, call this circleC. In order to prove the claim,
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it is enough to show that there is a circle of radiyg insideC' that contains at
least2(A) nodes. For the sake of contradiction, assume there is nocstaté.
A constant number of circles of radiug2 are enough to cover completely By
our assumption, each of these circles contaiis) of the nodes irC'. But then,
the total number of nodes ifi is in o(A) which is a contradiction.

For the sake of contradiction, assume first that there eaistassignment-
oblivious protocolP that computes a one-node-sensitive functfoaver any val-
ues assigned to nodes in this network in tinf®). Consider an assignment of
valuesi; such that a value, (x) is assigned to some nodec X and (i) is
the value returned tg by P in o(D) steps. SinceF is sensitive, there exists an
assignment, such that, (z) # v»(z) that makesF () # F(i%). Consider the
execution ofP under this new assignmeri. It is not possible that a value dif-
ferent thanF (%) is returned tay by P in o(D) steps under this new assignment
because: andy are separated Hy(D) hops, which is a contradiction.

Similarly, for the sake of contradiction, assume that tlesiists an assignment-
oblivious protocolP that computes a one-node-sensitive functfoaver any val-
ues assigned to nodes in this network in tiof&). In order to computeF, all
nodes have to transmit at least ohc€onsider a node € X that is scheduled
to transmit last inX by P8. Consider now an assignment of valugssuch that
a valuer, (z) is assigned ta: and F (%) is the value returned tg by P in o(A)
steps. SincéF is sensitive, there exists an assignménguch that, (z) # v»(x)
that makesF (/) # F(i,). Consider the execution @ under this new assign-
menti,. It is not possible that a value different th&fiz,) is returned ta; by P
in o(A) steps under this new assignment becauisethe last node to transmit in
a clique ofQ2(A) nodes, which is also a contradiction.

3. Upper Bounds

The computation of aggregate functions is carried out byo#oppl follow-
ing a template called\ggregate Computation Schema.key factor of our ap-
proach is the inclusion of a preprocessing phase that dedidetegate-slug hier-
archy and a schedule of transmissions to avoid collisionsh$®reprocessing is

"Eventually the sink node might only receive values. To djard this node does not change
the analysis.

8If P is randomized, take to be a node that has a positive probability of transmittiveglast
in X.
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asynchronous and uses time slots that are not used in thegagrComputation
Scheme. Hence, itis also used as a maintenance algoritheséod node failures
because nodes running it do not collide with nodes runniagrthin part. For the
sake of clarity, both parts, preprocessing and the mainephare, are described
separately omitting these details.

3.1. Preprocessing and Maintenance

The preprocessing/maintenance algorithm includes twegshaDue to the
memory size limitations, in the first phase delegate nodesdafined so that each
delegate node is within range 6f(1) delegates. Additionally, a second phase
establishes schedules of transmissions so that each getegate-slugs can com-
municate without colliding with neighboring groups. Thefiand second prepro-
cessing phases can be implemented as in [14]. We overviensloene necessary
details.

The first phase of preprocessing is implemented as a disgdbuaximal in-
dependent set (MIS) computation. Members of that set takedle of delegate
nodes and the rest become slug nodes. After running thiseplseg a radius
of transmissiomr for some0 < « < 1, no delegate node is within distance
ar of another delegate node and every slug node is within distan of some
delegate node. Furthermore, given these geometric prepemd the fact that
the hexagonal lattice is the densest of all possible plankipgs [15], every slug
node is within distancerr of less thart delegate nodes (see Figure 1(a)). This
phase is triggered when an active node does not receiventisgisns from any
delegate node. Thus, the preprocessing procedure is byldesed to re-build
the hierarchy in face of a delegate node failure, at the sarsie ¢

The following upper bound on the number of delegate nodeseaproved
using that the hexagonal lattice is the densest of all ptesplane packings [15],
that the radius lower bound to achieve connectivity w.hipdar uniform distri-
bution of nodes is € Q(y/logn/n) [19], the assumption of complete coverage,
and the assumption regarding the area of deployment.

Remark 1. Given a Sensor Network of nodes deployed at random to ensure
connectivity and coverage over a unit area such that, ifred@a in all directions
by r, the expanded area is still(1), after running the first phase of preprocess-
ing as described, there atdn/logn) delegate nodes.

After becoming a delegate, a node reserves some time slo¢sitsed periodically
and exclusively by itself and its slugs, in the second phé&gpeeprocessing. Slug
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Figure 1: lllustration of maximum degree.

nodes can be in range of more than one delegate node. Herct the hidden-
terminal problem, there could be collisions of reservedssét a slug node. In
order to avoid that, the value of in the previous phase is limited tb< o <
1/4, whereas the time-slots reservation is performed usingrtts@mum range
r. With this modification, when using a bigger range of trarssiaon r, for
2a < f < 1/2, any delegate node can send a message to another delegate nod
in a radiusgr without interference from other nodes in a radiysvoiding the
hidden-terminal problem. Given that the hexagonal latiscthe densest of all
possible plane packings [15], a geometric calculation gythat there are at most
3[28/av/3]([28/av/3] +1) delegate nodes within distance®f of any delegate
node.

After preprocessing, each delegate node has resérgee(1) time slots with
a period ofy € ©(1). These slots are reserved to be used by itself and its slugs
exclusively within radiug. The actual value dfis chosen accordingly depending
on the specific protocol.

Among the reservedblslots (see Figure 2), the first step is used by the delegate
to transmit a beacon message. This message allows theslidgstify which are
the incoming — in terms of time — reserved slots. In this wagal synchronism
is achieved. Additionally, two steps are reserved for thegie to communi-
cate with neighboring delegates and one step to broad@sbthputation result.
Another two slots are reserved for the communication batve&egs and the dele-
gate, one slot for slugs transmissions and one slot for detearknowledgement.
In this manner, collision detection is implemented. Theyslaoompete for these
slots over various rounds of slots and the acknowledgement is used to signal
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23 Communication with delegate neighbors
3) Broadcast result

4) Slugs transmission

5) Delegate acknowledgement

Figure 2: lllustration of time-slots usage.

success.
The following lemma establishes formally the efficiencyludése phases. Fur-
ther details can be found in [14, 13, 12] and the referenca®it.

Lemmal. (a) For any node running the first phase of preprocessing, for any
0 < a < 1, at least one node within distanee: of i becomes a delegate within
O(log® n) time steps and no two delegate nodes are within distancef each
other w.h.p. The expected number of transmissionsdofring this phase is in
O(logn) w.h.p. (b) For any node running the second phase of preprocessing,
if i is a delegate node, aftep(logn) time steps reserves a block of € O(1)
steps every, € O(1) steps for local use, i.e., this block does not overlap with th
block of any other delegate node separated by a distance sitre.h.p. During
this phase, if is a delegate node the expected number of transmissians af
O(logn) w.h.p., and ifi is a slug node it does not transmit.

3.2. The Aggregate Computation Scheme

In the Aggregate Computation Scheme, nodes use only tinerelserved as
described in the previous section. Thus, local synchronttision detection
among slugs and their delegates, and non-colliding tressan schedules among
delegates are available. For the sake of clarity, we focugesoribing the scheme
omitting these details. We also omit the fact that nodes udge the reserved
slots for transmissions, since this overhead only intredue constant factor in
the efficiency analysis. Regarding the range of transmmassed, throughout the
Aggregate Computation Scheme, a slug node uses a radiwghereas a delegate
node uses a radiusr. For clarity of presentation, the Aggregate Computation
Scheme is described assuming that nodes do not fail andtégeassumption is
removed. Also, in order to obtain worst-case bounds, wemasghat all nodes
are active.
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Before describing the protocol, the following notation efided. Denote the
set of delegate nodes and the set of slug nodes defined inopessing as\/
andS respectively. For each slug nodedenote the set of its delegates/ds:).

For each delegate nogedenote the subset of delegate nodes located at one-hop
of j asN(j). Each nodg € M keeps track of its delegate-neighborhatd;).
Furthermore, nod¢updatesV () online by keeping track of the beacon messages
of its delegate-neighbors. This bookkeeping can be donédoyng the 1Ds of the
neighboring delegates, becausg(j)| € ©(1). For each nodé in the network,
denote the input-value ag.

The Aggregate Computation Scheme includes the followingfpbases. RIG-
GER: the sink node broadcasts, D, A), wherer, is the time slot to measure the
input-values D is the diameter of the network amsl the maximum degree, thus,
synchronizing the computation;dCLECTION: delegate nodes aggregate slugs
input; COMPUTATION: delegate nodes compute the aggregate function; agd D
SEMINATION: delegate nodes distribute the result. The details of th@amen-
tation of each of these phases follow.

Trigger Phase. By the definition of a MIS, the sink node is either a delegat@eno
or itis in range of a delegate node. Therefore, tReGGER phase can be imple-
mented as follows. If the sink node is not a delegate, usirggarved slot, the
sink node transmits the message to one of its delegates. tdpeiving such a
message or if the sink node is a delegate node, delegatestiwoetwork of del-
egates with the message using only reserved slots. Eadjatieleode forwards
the message broadcasted, including the ID of the node froichvithas received
the message first. In this manner, a BFS spanning tree ameuiglibgate nodes is
obtained at the same time that the trigger signal is diss&iehin preparation for
our tree-based algorithm. Due to the broadcast nature ofsog&letwork, while
passing the message among delegates, slug nodes receive &nce only re-
served slots are used, the total time taken by this phase (¥ in) and using
the Remark 1 the total number of transmissions in this phage®(n/logn).
Hence,r; is tuned to ensure that active nodes receive this messagenertd
start thecoLLECTION phase. For nodes becoming active late, upon becoming ac-
tive, nodes run the preprocessing phase, which includesital ivaiting period.
Nodes in this period that hear that the computation has@jrsirted do not join
the computation, although they do complete the prepracgssiase in prepara-
tion for future queries. The following lemma establishesifally the bounds of
this phase.

Lemma 2. After the sink node starts disseminating the trigger messalgdele-
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gate nodes have received the message wiitiiR) steps and the overall number
of transmissions i®)(n/ logn).

Collection Phase. At time 7, nodes start running theoLLECTION phase using
the input-values at that time step. Before describing thelementation of this
phase, we explain the communication primitive used. Sludgesccommunicate
in this phase using the following procedure. In each rouhdy sodes choose
uniformly at random a slot within a window of slots to transihieir messages.
Starting with a window of size; A, the window size is repeatedly halved in each
round down tac; logn, wherec; > 0 ande, > 0 are constants chosen appropri-
ately. After that, a final round aof; log” n steps where nodes repeatedly transmit
with probability ¢,/ log n is included. Agaings > 0 andcy > 0 are constants
appropriately chosen appropriately [14]. The intuitiorited algorithm is the fol-
lowing. After the window size is in the same order of the nunmdfeneighboring
nodes, the message of a constant fraction of slugs is recbiv¢he delegate in
each round w.h.p. Since the reception of those messageknewledged by the
delegate, these slug nodes do not transmit in future rouffus final round is in-
cluded so that transmissions are successful whendaily n) messages remain.
We refer to this protocol as theindowed protocol

The cOLLECTION phase is specified in Algorithm 1. Each slug nade
S begins this phase choosing one of its delegates to passiis-value. The
reason to do that is to ensure that each input-value is usactlgonce in the
computation. Using the windowed protocol, each slug noalesimits a message
to the delegate chosen. The message transmitted comtaamsl the ID of the
delegate chosen. Given the availability of delegate ackedgements, a delegate
receives exactly one input-value per slug node.

A delegate node running theoLLECTION phase does the following. Each
delegate node maintains two magnitudes that westattandweight For each
node;j € M, we denote the sum and weight asandw, respectively. Each
delegate nodginitializes the sunr; = v; and the weight; = 1. Upon receiving
(and acknowledging) the transmission of one of its slug sedibe delegate adds
the input-value received to the sum and increases the welgdbtice that sum
and weight values are polynomially upper bounded so menastyictions are not
violated. The following lemma establishes formally thereotness and efficiency
of theCOLLECTION phase.

Lemma 3. LetV be the set ofi nodes in a Sensor Network, be the input-value
of nodei € V, and letM be the set of delegate nodes. There exists@ O (A +
log? n) such that, after running theoLLECTION phase with that,, the following
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Algorithm 1: ThecoOLLECTION phase for the Average Problem.
For slug node € S
choose arbitrarily a delegate nogle M ()
using the windowed protocol, transmit messé&ge, ;) with radiusar

For delegate nodg € M:
Oj < Vj
wj 1
for 7, stepsdo
if a messagéi, j, v;) is receivedthen
0« 0; TV
wj —wj+1

holds. (i) V' has been partitioned inV/| disjoint subset§ Vi, V5, ..., Vjx} and
each nodg € M holds two values; andw; such thatyk € {1,...,|M|};Vj €

M :jeVy= (05 = ey, vi Nwj = [Vi|), wh.p. (i) The time taken by
the algorithm is inO(A + log®n). (iii) The number of transmissions of delegate
nodes during this phase is M(n(A/logn +logn)), and the expected number of
transmissions of slug nodes during this phase ©{n(logn + log A)).

PROOF Using well-known techniques as in [14], it can be proved,tager run-

ning the windowed protocol, each delegate node has recéneecthput-value of

all its slugs w.h.p., the time taken by the protocol iJtA + log® n) steps, the
number of transmissions of a delegate node during the wirdgwotocol is in
O(A + log®n), and the expected number of transmissions of a slug node is in
O(logn + log A). Thus, the claim follows from these facts, by definition of th
algorithm and using Remark 1.

Computation and Dissemination Phases. Upon completion of th€ OLLECTION
phase, slug nodes standby waiting for the delegates to dempthecomMPUTA-
TION phase and send back to them the result irissSEMINATION phase. In the
following sections, the two approaches used — tree-basg¢dhaiss-distribution —
are described separately for clarity, although they aresmmltaneously in two
different slots reserved to communicate among delegdttdee result of the tree-
based computation is obtained, the mass-distributioeébasmputation is just
stopped. Otherwise, the mass-distribution algorithm icomets until some result
is returned.
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Before moving to the details of the analysis of both algonish recall that
thanks to the delegate/slug hierarchy, a failure of a slugerafter passing its
input-value does not impact the protocol neither in timein@orrectness. On the
other hand, if a unique copy of an input-value is lost befaimy passed to other
nodes that value is inevitably lost. Furthermore, givenghared nature of the
channel, no algorithm can guarantee that all input-valtepassed to some other
node in less than time steps under adversarial failures. Hence, we congioler f
now on slug failures only during theoLLECTION phase.

If a delegate node fails early enough before the time slotiitvinput-values
are obtained, the lack of its beacon triggers the executidheopreprocessing
phase by its slug nodes and this failure does not impact tb®gul. On the
other hand, if the failure occurs at a time slot such thatlitg sodes do not have
enough time to elect new delegates and receive the syneatmm message of
the TRIGGER phase, its slug nodes do nothing. Given that most of the sidgs
have more than one delegate, this failure does not impagirtitecol except in
some marginal cases (boundary nodes or multiple neighipdetegates failure).
Given that a delegate failure during tobeLLECTION phase has the same impact
as a failure of a delegate during the first round of¢lea1PUTATION phase. Thus,
we consider from now on only delegate failures duringdle@PUTATION phase.
Tree-based Algorithm. For the sake of clarity, we describe first the algorithm
assuming that nodes are activated early enough to receveidiger, stay active
long enough to receive the result of the computation, andbdléar. The slug and
delegate failures described in Section 3.2 are considdtedvards. The tree-
based algorithm is well known and simple to describe. Ona®ted tree is built,
it includes three steps: the root broadcasts a query to désin the tree, then
nodes convergecast the aggregated input-values to theandofinally the root
computes the function and broadcasts back the result todésnin the tree. The
details follow.

While broadcasting the time slet of the input-values that have to be used in
the computation, in th&RIGGER phase, a BFS rooted tree of constant degree is
built among delegate nodes by making each delegate nodetieadbpof its tree
neighbors. The root of such a tree is either the sink nodes(&ghte) or a delegate
node at one hop of the sink node (if slug). Without loss of galitgy we assume it
is the sink node. At;, all nodes run theoLLECTION phase using the windowed
protocol as described. Then, at timg+ 75, the COMPUTATION phase starts.
In this phase, each delegate nadeggregates the input-values by passing to its
parent in the tree the average and weight of the subtreedabie Thus, the root
of the tree receives the average and weight of the subtreésdrat its children
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and computes the total average. Finally, in theSEMINATION phase, the root
node floods the network of delegates with the result whichiin is disseminated
to the slug nodes by each delegate node upon receiving it.

In order to handle failures, the tree-based algorithm isaanéd as follows.
Upon defining the tree, each delegate node broadcasts tagtsits view of the
tree topology, i.e., its parents and children, and the sttigiee that information.
Since the tree has constant degree, such a bookkeepingsibléeaSlug nodes
detect the failure of their chosen delegate due to the ladleaton. In presence
of such a failure, slug nodes compete to replace the misshggdte running
the preprocessing phase aDdlog” n) cost (Lemma 1). Given the assumption
of coverage even under failures, there must exist enoughrsddes to replace
the failed delegate. Due to the geometry, more than one of tnay become
delegate but only a constant number. Upon becoming delegaie using the
view of the tree broadcasted by the failed delegate, the redegdtes repair the
structure locally at @ (1) cost and continue with the computation appropriately.
The details are omitted for brevity. Then, if the time betwdailures is large
enough, this procedure repairs the structure successiiky following theorem
shows the overall efficiency of the Aggregate ComputatidreSee when the tree-
based algorithm is used.

Theorem 2. Given a Sensor Network with a set of nhodésunning the Aggre-
gate Computation Scheme as described, wheis a tight upper bound on the
maximum number of neighbors of any nodleis a tight upper bound of the di-
ameter of the network during all the execution of the aldont andr; is the
time slot at which the input-values are assigned. Under tbeehdescribed in
Section 1, if the number of node failures aftelis bounded by > 0, andT is
the minimum time between any pair of consecutive failuréerel exist positive
constantss, ko such that, ift’” C V is the set of nodes awake in all the in-
terval [, — s1(D + log®n), 1], v; is the input-value assigned to nodec V”

at time 7y, Vo, = MaXiey Vi, Vpin = Minjeyr vy, @andv = Y. v /|V,
the following holds. IfT" > kylog®n, w.h.p., withinO(A + D + flog®n)
time steps aftet;, — k1 (D + log*n), all nodes running the algorithm receive
(or hold) the same value, that value is in the ran@e/V’| — fvm,)/(|V'] —
1), @V = fvmaz)/(IV'] — f)] and the expected number of transmissions is in
O(n((f+1)logn+ A/logn +log A)) w.h.p.

PROOF As explained before, the failure of a slug nadenly impacts the com-
putation if7 is running theCOLLECTION phase and did not pass its input-value to

19



its delegate yet. Due to the assumption of coverage, eveer diaidlires, delegate
nodes that fail during theoLLECTION andCOMPUTATION phases are replaced in
the tree-based algorithm by one or more of its slugs, intcoapaO (log” n) over-
head for each failure as shown in Lemma 1. Thus, the clainegeraf the result
follows. Regarding the running time, given that broadcast@nvergecast is run
in reserved slots the time taken by the last two phas€X I3 + flog®n), using
Lemmas 1, 2, and 3, given that and A can not be ir(log® n) simultaneously,
and given that the number of failures is at m@ghe claim follows. The claimed
number of transmissions is a direct consequence of LemnZa81Remark 1 and
including the worst-case overhead of replacing the faileléghtes.

Mass-distribution Algorithm.  For clarity, let us assume first that nodes do
not fail. In the mass-distribution protocol used in this pagafter aggregating
input-values in th&OLLECTION phase, delegate nodes share a fraction with each
delegate neighbor. More precisely, recall that

max{|N(i)|} < 3[28/av3]([28/av3] + 1)

as shown in Section 3. Then, fix= 1 + 3[23/a/3]([28/av/3] + 1). Upon
termination of thecOLLECTION phase, each delegate node M computes a
local averager; = o;/w;. From there on, the computation progresses as if all
nodes in the network (slugs and delegates) were partingpatiit using this initial
local-average value, although delegate nodes take ongkddathe slug nodes.
More precisely, in each round, each delegate node passesigit and a fraction
1/26A of its weighted average to each neighboring delegate naskpikg the
rest of the weighted average for itself. Then, delegate siogeate their average
values appropriately using the shares and weights recearadl repeat. After
sufficient number of iterations, all average values coreéoghe average sought.
We call this protocoMass Distribution (see Algorithm 2 for details).

Given that the shares are the same for all neighborsyami A are knows,
delegate nodes do not need to specify the destination arysiransmit the av-
erage and weight. After enough number of rounds of Mass iDigton, each
delegate node obtains the average with the accuracy desired. Furtherrtioee
DISSEMINATION phase is integrated in ttOMPUTATION phase by default given
that, although averages and weights are transmitted thbibeigng delegate nodes,
all neighboring nodes receive those transmissions bedhegeare produced in

9§ is a constant that can be stored before deploym&iig.broadcasted in tHERIGGER phase.
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Algorithm 2: Mass Distribution for each delegate nade M.
U; — 0;/w;
for Kk =1toms do
transmit(z, k, 7;, w;)
d«—0
v+ 0
for v time stepsio
if amessagéj,k,7;,w,) is received ang € N (i) then
d—d+ w;
UV — U+ W,V
U; U+ (v —dp;) /20

reserved slots. Notice that Mass Distribution does notat@the memory re-
strictions since only a constant number of values are reddiv each round and
the average and weight values are still polynomially uppmioled. Of course,
precision limitations due to real number computations tillersorder.

In presence of the slug and delegate failures describeddticBe3.2, slug
nodes do nothing and delegate nodes adjust their delegatieboenood appro-
priately. If a delegate node fails before broadcastingatses, the failure has the
same impact on the computation as if it fails at the beginoirttpe round. If, on
the other hand, the node fails after broadcasting its vatbedailure has the same
impact in the computation as if it fails at the end of the rouhkerefore, without
loss of generality, to analyze the convergence of Massibigion we assume that
delegate-node failures occur between rounds.

We analyze now Mass Distributiéh Assume first that nodes do not fail.
Given that the fraction shared in Mass Distribution is roundependent, the
algorithm can be characterized by a matrix of shares aswslloLet O _
(ﬁgt) ...7"),i € V be the vectord of averages held by nodes after round
(Let the average held by a slug node be the average held byasen delegate.)
Let P = (pi;) be a matrix inR™*™ such thap,;; = 1/25A if i andj have chosen
delegates ands respectively such that € N(s), pi;; = 1 — (3_ oy ws)/20A

0we assume familiarity with Markov chains and spectral gréq@ories. For an introduction
refer to [16, 10].
“Throughout the paper, we use row vectors for clarity.
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if j =4 andi has chosen delegateandp;; = 0 otherwise. Thers” =79 Ptis
the vector of averages in roundGiven thatP is stochastic, this characterization
can be also seen as a Markov chXin= {X;} where the state spacelisand the
transition matrix isP.

Mass-distribution algorithms only converge to the restlénce, a metric of
such an approximation has to be defined. In this paper, weheselative point-
wise distancewhich is defined amax; |v; — 7| /7. The correctness of the average
computation implemented with mass distribution algorishima well-known fact
that can be proved using the fundamental theorem of Markainsh33]. We
establish formally the correctness of the average comipatat the following
lemma.

Lemma4. (Correctness) Lel be the set of: nodes in a Sensor Network, be

the input-value of nodé € V, and?v = ., v;/n their average. Levgt) be

the average held by the delegate node chosen by had&” obtainedt rounds
after thecoLLECTION phase of the Aggregate Computation Scheme. Then, if
delegate nodes do not fail, implementing t@MPUTATION phase using Mass
Distribution, there exists & > 0 such that, for alt > 73, [7 — vf.t)|/v < ¢, for

all - € V and for a given parameter > 0.

PROOF The Markov chainX characterizing Mass Distribution is finite and irre-
ducible. Additionally, given that the underlying graph resdf-loops, the g.c.d.
of all closed walks isl. Therefore,X is aperiodic. Then, by the fundamental
theorem of Markov chains [33KX is ergodic and it has a unique stationary dis-
tribution. SinceP is doubly stochastic, the systefn= 7P admits the solution

7 = (1/n...1/n) which, by the aforementioned theorem, is unique. jiétbe
the distribution at round. Given that the chain converges to the stationary distri-
bution, we know that, for each > 0, there is ar > 0 such that, for alk > 7,
|1 — 7| /7 < <, for all i € V. Then, for any initial distributioni®) and for all

t > ritholds that(1 — &) /n < Y, 1 (P");; < (1+¢)/n, forall j € V. But
then, it must also hold thdt — £)/n < (P');; < (1+¢)/n, forall4,j € V. To
see why, assume for the sake of contradiction that there &ra’'p;’ € V such
that (P),;; < (1 —¢)/n or (P")y; > (1 + ¢)/n. Then, it would be enough to
setug,o) = 1 and the rest of the componentstdo make the previous assertion
false. For any nodec V, 7" = (7 Bt), = >, 7 (P, Then, for allt > 7,
(1-2), 7" /<7 < (1+e) X, 7 /n. Giventhaty, 7" = 3~ v;, then
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>, 7" /n = 7. Then, we have that for all > 7, 7(1 — ¢) < 7 < (1 + ¢).
Thus,|[7\"” — 7|/v < e forall i € V and the claim follows.

In presence of node failures, the fraction of average shiarddass Distri-
bution is not round independent. Therefore, instead, weacherize the compu-
tation carried out by Mass Distribution under failures azquence of matrices
By, P\, P,,... suchthatP,, k > 0, is the matrix of shares characterizing the algo-
rithm between failureg andk + 1. Given that these matrices are stochastic, each
of these characterizations can be also seen as a Markov Xhairhere the state
space i9/, the set of nodes whose delegate is active between fatuaadk + 1,
and the transition matrix ig),.

To analyze the efficiency of Mass Distribution, we leverdge tast body of
research work on bounding the mixing time of Markov chainse Méund the
mixing time using theonductancas in [38]. The conductance is a natural notion
for Markov chains with underlying graphs with geometricpedies. To show the
overall efficiency of Mass Distribution, we bound the com@rce time of each of
the Markov chains and combine the effect of all of them. Thaitkeare presented
in Lemma 5.

Lemmab5. Given a Sensor Network with a set of noflesvherev,,,.. = max;cy v;
andv,,;,, = min;cy v; are the maximum and minimum input-values assigned to
nodes respectively, nodes are running the Aggregate CatputScheme as de-
scribed, and theoMPUTATION phase is implemented using Mass Distribution as
described, afteO((f + log(1/¢) + 10g(Vimaz /Vmin))/ P2,:m) TOUNds, wheref is

the number of node failures anl,,;,, = mingcqo1,... sy @1 Whered,, is the con-
ductance of the underlying graph after thth failure, all nodes have converged

to a value with relative errof < ¢ < 1.

PROOF We show first the convergence time to achieve a multipireateduction
factor0 < p < 1 with respect to the initial range of values. 178}, = max; v§t>
and?”. = min; 7\ forall ¢ > 0.

man

Claim 2. After 7, € O((f+log(1/p))/®2,,,,) rounds of Mass Distribution, where
0 < p < 1 is a parameterf is the number of node failures, anbl,;,, =
minge(o,1,... 7} Pr, Whered, is the conductance of the graph underlying the Markov
chain characterizing the algorithm after t#té failure. It holds for alk > 7, that:

() _ﬁ(t) < p(g(o) _3(0) )_

max min — max min
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ProOOF Given a Markov chaiX;, with transition matrixﬁk, let 7, be the unique
stationary distribution an@, ), the second largest eigenvaluef&f From Propo-
sition 3.1 in [38], using the fact that the stationary dsttion is uniform and that

Vi € Vi, (P > 1/2, we know that/t > 0, max; jev, {|(P})i; — (7);1} < ().

Let A7, be the range of averages held by delegates at the time ofefaijuand

t;. be the number of rounds between failukeandk + 1. Then, A, 1 < pp AT
wherep;, < 2(\)%, since removing one value can not increase the range. Given
that we want to obtain a reducing factorgffter f failures we wanpgp; . .. py <

p. Replacing, we want

where(\,,,.2)1 = k)1
I

Usingthatl — 2z < e 0 < x < 1[32, §2.68], we obtain the minimum number
of rounds to achieve that reducing factor as

1 1
t>—— (fm2+m-).
T O (f p)

Bounding the second largest eigenvalue using the condue&sin [38]

2 1

min

Removing some values from the initial range of values (tHaesof delegates
that fail) can not increase that range. Thus, the claimlo

The range of averages held by delegate nodes at the begiohthg com-
PUTATION phase i) — 5" < 1, — v.... Then, after running the Mass
Distribution algorithm fort rounds to achieve a reduction factarthe range of
averages held by delegate nodew{$_ — vf,?m < p(Vmaz — Vimin)- Since the
result to which delegates converge affefailures cannot be smaller thag,,,, in
order to achieve a relative erreywe wantp(Vyue — Vinin ) /Vmin < €. Replacing

in Claim 2, the Lemma is proved.

The following theorem shows the overall efficiency of the Aggate Compu-
tation Scheme when the mass-distribution algorithm is used
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Theorem 3. Given a Sensor Network with a set of nodésunning the Aggre-
gate Computation Scheme as described, wheis a tight upper bound on the
maximum number of neighbors of any nodleijs a tight upper bound of the di-
ameter of the network during all the execution of the aldonf andr is the
time slot at which the input-values are assigned. Under tbeehdescribed in
Section 1, if the number of node failures afteris bounded by > 0, and T is
the minimum time between any pair of consecutive failuréerdl exist positive
constantss, x» such that, ift’”” C V is the set of nodes awake in all the interval
[, — k1(D 4+ log?n), 1], v; is the input-value assigned to nodec V' at time
Ti, Vmae = MaXjev Viy Vpin = Mileyr v, @ando = 3., v;/|V'], the following
holds. IfT" < gy log? n, Within O(A+ D+ (f +1og(1/€) +10g(Vimaz /Vimin) )/ @i )
time steps of; — k1 (D + log”n), where®,,;,, = mingeo1,.., ry o Wheredy, is
the conductance of the underlying graph after thie failure, all nodes running
the algorithm have converged to the same result in the rdngg., vy, with
relative error0 < ¢ < 1 w.h.p., and the expected number of transmissions is in
O(n(logn + A/logn + log A + (f +1og(1/¢) + 10g(Vmaz/Vmin)))/ ®2,;,, logn)
w.h.p.

PROOF. The running time is a direct consequence of Lemmas 1, 2, 3¢gveh
that each round take3(1) time steps, Lemma 5, and using thatand A can
not be ino(log® n) simultaneously. The claimed number of transmissionsiglo
from Lemmas 1, 2, 3, 5, and Remark 1.

4. Conclusions

In this paper, we have presented an early-stopping algotiiat computes the
average function in a weak model of Sensor Network. The dlgaehavior was
analyzed assuming an unstable framework, in which colisican occur during
communication due to the use of a single radio channel, anghich sensor
nodes can fail during the computation. The presented dhgofiirst structures the
Sensor Network into a two-level hierarchy, partitioning 8ensors into delegates
and slug nodes.

In the computation, each delegate node represents itsbwigbod of slug
nodes, and can communicate with the neighboring delegateewt collisions.
Then, once the delegates collect the values of the slugg,rtimethe main part
of the algorithm to compute the average. Finally, they pteviheir slugs with
the computed average. The algorithm run by the delegatebicestwo types
of computation, a tree-based and a mass-distribution ctatipn. The algorithm
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uses the speed and simplicity of the tree-based computatiguickly obtain the
average value if failures are not frequent. On the other htdredalgorithm uses
the robustness of the mass-distribution process to obteesudt in the presence
of frequent failures.

The combination of both algorithms yields a protocol thgbieven to com-
plete and disseminate the aggregate computatian(ih + D + flog®n) time
steps if there are at mogt > 0 node failures distanced by time f(log” n).
Otherwise, afteO (A + D + (f +log(1/¢) + 10g(Vmaz/Vimin) )/ ®2,;,,) time steps,
all nodes converge to the same result with relative dirare < 1 w.h.p., where
Pppin = Mingego,... 5} P, andd, is the conductance of the underlying graph after
the kth failure.

As established in Theorem ©(A + D) is a lower bound for this problem.
Thus, it is pertinent to observe the impact of the remainidditave terms in
the proven upper bounds. Given thatand A cannot be both asymptotically
smaller than a polynomial on, the algorithm presented in this paper is optimal
if flog>n € o(n°), for anyc € O(1), and failures are not frequent as defined
in Theorem 2. Furthermore, the presented algorithm is gision@al in general if
(f +1og(1/e) +108(Vmaz /Vimin))/ P2, € o(n®), for anyc’ € O(1), although in
this case the bound is w.h.p.

Regarding the impact of the conductance in the latter bowed)l that we use
the conductance only to bound the second largest eigengéthe graph under-
lying the mass-distribution algorithm as in [38]. As eluatied in [17], the second
largest eigenvalue of a 2-dimensional mesh i®{/n). This type of network is
relevant to gain intuition on how the algorithm might behavean average Sen-
sor Network, because it resembles a uniform distributionarfes over an area
without bottleneck¥. Using the bound on the number of delegate nodes estab-
lished in Remark 1, the second largest eigenvalue of a 2+tiiaral mesh is in
Q(logn/n) if only delegate nodes are taken into account. Re-creatiagahal-
ysis in Lemma 5 using this more specific bound, the additivm tier arbitrarily
spaced failures becomeg + log(1/¢) + 10g(Vimaz /Vimin))/ (1 — logn/n). Given
thatn/(n — logn) € o(logn), it can be seen that if/c and v,,4. /Vmin, are at
most polynomial om, the mass-distribution algorithm may be even asymptoti-
cally faster than the tree algorithm if the network does rasehbottlenecks.

12A popular model of sensor nodes deployment is the Random @eiarGraph, where nodes
are deployed uniformly at random over a unit circle.
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